
CHEMISTRY 531 EXAM I SOLUTIONS

1. Consider a particle of mass m in a two-dimensional box of

dimensions Lx = Ly = L

a) Give the normalized wavefunctions in Cartesian

coordinates, the energy eigenvalues, and the degeneracy

of the first four energy levels.

Ψnx ,ny
( x , y )=

2

L
sin(

nxπx

L
)sin(

nyπy

L
) ;  

  
Enx ,ny

=
π 2h2

2mL2 (nx
2 + ny

2);

(1,1)  g = 1;  (1,2)=(2,1), g =2;  (2,2), g = 1; (3,1)=(3,1) g = 2.

b) Give the Hamiltonian in plane polar coordinates.

  

H = −
h2

2m
(

∂ 2

∂r2 +
1

r

∂
∂r

+
1

r2
∂ 2

∂θ 2 ) + V ( r ,θ )

V ( r ,θ) = 0 , 0≤ rcosθ ≤ L;0≤ rsinθ ≤ L

= ∞ otherwise



2. Consider a harmonic oscillator subjected to an external

perturbation of the form λx.

a) Give the general expressions for the first and second

order perturbation theory expressions for corrections to

the energy eigenvalues.

b) Give explicit expressions for these corrections using the

following

  
xφn = (

h
2µω

)
1/ 2

( nφn−1 + n + 1φn+1),

where the {φn} are the eigenfunctions of the harmonic

oscillator Hamiltonian, n = 0, 1, 2,...

Εn
(1) = 0 because xm,n = 0.

  
m x n = h

2µω
 

 
 

 

 
 

1
2 n δ m,n−1

n +1 δ m,n+1

 
 
 

  

So, one infinite sum has two terms only, i.e.,

  
Εn

(2) = λ2 h
2µω

n
hω

− n +1
hω

 
  

 
  =

−λ
2µω 2        

n = 0,1,2...



3.  The Hamiltonian for the linear rigid rotator is

H =
Lop

2

2I ; 1
I = 1

2µre
2

a) What are the eigenfunctions of H?

  Υlm θ,φ( )

b) What are the eigenvalues of H?

  h
2l(l +1) 2 I = El

c) Show that these have units of energy.

  h"=" angular momentum =  mass ∗  distance2 /  time

  
Ι =  mass∗distance2 = − h2

Ι
"="

distance4 ∗mass2

mass∗distance2 ∗ time-2

= distance
time

 
  

 
  

2

mass

= energy √

or   h = energy - time ⋅ −

d) What is the degeneracy of the energy eigenvalue?

  gl = 2l +1   (since  − l ≤ m ≤ l)



4.  Re-consider the full Hamiltonian given in problem 2.  Set up

the variational approach using an expansion of the wave

function in terms of the basis {φn}.  Consider just two terms in

this expansion n = 0 and 1.  Show that the Schrödinger

equation becomes a 2x2 matrix equation.  Give an explicit

expression for the H-matrix.  Diagonalize it and get the two

eigenvalues.  Compare those with the ones you get in second

order from problem 2.

ψ = c0φ0 + c1φ1

Η
≈

=
Η00 Η01

Η10 Η11

 
 
 

 
 
 

Η00 = Ε0
(0) + λ 0 x 0 = τω

2   
Η01 = Η10 = + h

2µω
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 
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 

1
2

λ

  Η11 = Ε1
(01) = 3

2hω

Eigenvalues obtained from secular equation

det Η
≈

− λ Ι
≈

= 0

Ε0
( 0 ) − λ( ) Ε1

( 0 ) − λ( ) − Η10
2 = 0

0



λ1,2 =
Ε0

(0) + Ε1
( 0 )

2
± 1

2
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( 0 ) − Ε0
( 0 )( )2

+ 4Η01
2

  
λ1,2 = hω ± 1

2
hω( )2 + 4λ2 h

2µω
 
 
 

 
 
 

1
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= hω ± hω

2
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1
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Recall      1+ x( )1
2 ≈ 1+ 1

2
x        of  x << 1

  ∴ if  x = 4λ2 2µhω 2

  
λ1,2 = hω ± hω

2
1+ λ2

µhω 2

 
 
 
  

 
 
 
  = hω ± hω

2
± λ2

2µω 2

  
λ1 = hω

2
− λ2

2µω 2 =
?

Ε0
(2)         yes

  
λ2 = 3hω

2
+ λ2

2µω 2 =
?

Ε1
(2)         no

So, we are not getting an accurate excited state result, but we are

getting an accurate ground state result.


