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So eigenvalues of Lz are   mh , m=0, ±1, ±2,…
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where the eigenvalue equation for   Υlm  is
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Solutions are known—Associated Legendre Polynomials

And   Λ = h2l l +1( ),   l = 0,1,2,...   and   −l ≤ m ≤ l .
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Summary so far:
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  Lz Υlm = mhΥlm θ,φ( )

  Lop
2 Υlm = h2l l +1( )Υlm θ,φ( )   l = 0,1,2,...   and   −l ≤ m ≤ l

Orthonormality

  Υ ′ l ′ m Υlm = δ ′ l lδ ′ m m .
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(spherical polar coordinates: dxdydz=r2drd(cosθ)dφ)

Integral over φ is straightforward.
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Physical rationale for inequality   −m ≤ l ≤ m

Vector of magnitude   lh  has a z-component given by   lh sinθ  which has a range

classically of   −lh  to   lh  0 ≤ θ ≤ π( ).

Remarks:  For each value of   l  there are   2l +1 values of m; there are   2l +1 spherical

harmonics.

  l = 1 in detail:

Υ10(θ,φ) = Ρ 1(cosθ ) = 1
2 6 cosθ

Υ1,+ 1 θ ,φ( ) = Ρ 1
1(cosθ )

eiφ
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, Υ1,− 1 = Ρ 1
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  L
2 Υ1,+1 + Υ1,−1( ) = ∂h2 Υ1, +1 + Υ1,−1( )

So, 
Υ1,+ 1 + Υ1, −1( )

2
 is still an eigenfunction of Lop

2  but not of Lz .

Why consider this lenear combination?   It’s real, i.e., αsinθ cosφ ≡ Ρx

( x = rsinθ cosφ )
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Υ1,+ 1 − Υ1, −1( )
2

α sinθ cosφ ≡ Ρy   ( y = rsinθ cosφ )

These orbitals are used in discussions of bonding.


