Atomic Structure
Hydrogen-like Atoms

The Hamiltonian for a single electron atom is given

by
A2 2
G- P Ze_‘
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wherem isthe mass of the electron (stationary nucleus)

and Z isthenuclear charge (1 for hydrogen, 2 for Het,
etc.).

The momentum operator is
2
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thisisa spherically symmetric problem, so we will find
the solutions more easily if we start with the operator in
spherical polar coordinates
2
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Next, we note that the angular part of thisoperator is

equal to|- L* / #%r].
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Substitution in the Hamiltonian gives
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asthe potential ener gy dependson only one coor dinate,
the eigenvalue equation is separable, and we can write
the wavefunction as the product
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where ‘ (r) = P ‘ITr e \lsaradlal oper ator .

Now, note that [L] commutes with the Hamiltonian. Asa
consequence, the wavefunctionswill also be

eigenfunctions of , so the spherical harmonics Y|, m
ar e the obvious choice for [Yq,f ).

With this substitution we have

2h(r) = ngR(r)Y =ER(Y,,,

As|L?Y, =#r%0(¢+1)Y, | thisequation can be
smplified to
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Now for somejuggling with constants. We will
transform to a unitlessradial equation using the Bohr

radius,

a =h’ I me

defined by

. and a new dimensionless variable
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I|n terms of the Bohr radius, we can writethe
Hamiltonian as
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Then, by the change of variablefromr to s, we get
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with |E =
23,

Theresult isa standard form known asLaguerre's
differential equation.

R( ) =eR(r)

Without going through math, ....
Solutions that do not become infinite as[T® ¥
(boundary condition) ar e subject to the condition

1 1 1 1

| Z’ 51 1_6’ T F,
nisan integer that must be3+1.
Thus, n=12,3,...; [4=0,1,...,n-1.

Therefore,
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Therigorousresult isto account for the fact that the
nucleusisnot infinitely massive. Thus, therigorous
energy isgiven by

m_m
E = ZzaeﬂfRy m=__ € nucleus
n _29m ma+m
€o € "'nucleus




(Ry =|€° / 2a,| =the Rydber g constant = 13.6057
eVv).
Thisisthe Bohr result !

Energy dependson n, but not on £ or m.
n=1 [4=0(1s) m=0 degeneracy gfor n=0(1s) is
1.

=0 (2s) m=0

=1(2p) m=-1,0,+1 for n=2,
2P)=4.

=0 (3s) m=0

=1(3p) m=-1,0, +1

=2(3d) m=-2,-1,0 ,+1, +2
for n=3, g=1(3s)+3(3p)+5(3d)=9.
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Radial eigenfunctionsfor Hydrogen-like atoms
The solutionsto theradial equation for hydrogen-like
atomsare:

— /(n' L - 1)! -SI2 ol | 2041
RM(S) — Zn[(n+€)!]3 € S Ln+£(S)

where|L%. (S )| arethe associated Laguerre
polynomials, defined by the equations
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Typ|Ca| solutions (Where N = (ZITEZ /h2)3/2) _
n=1,[4=0 (1sorbital)




R,,(s)=N2€°" nonode
n=2,[4=0 (2s orbital)
N
R, (S)=—=(2- s)e*”
o(8)=5 52+ 5)

one node (whereR=0at s
n=2,[4=1 (2p orbital)

R,(s)= - =se

2./6

-s/2
1 nonode

For Rn[7] there are n14-1 node
3s. 2 nodes; 3p: 1 node; 3d: O node; ...

:2)

Real linear combinations of 2p orbitals
|?px ” Rn,é(Y 11 + Yl,-l)

2py M Rn,z (Y 11 Y1,-1) [

Other linear combinations of note:

d, and d, combineto gived, andd

d, and d, combineto gived,, and d,

z

(x%-y?)




Normalization.
The complete wavefunction for the hydrogen atom is
given by

y n,/,m = Rné(r)Y /,m (q’f )l
and the volume element in spherical polar coordinates

isdt=|r°sinq dq df |. The spherical harmonicsare
usually given in a normalized for m, such that

2
[5 oYY, .snqdqdf =1
0O O

therefore, theradial functions are normalized
Independently:
¥

oR R, ridr=1
0

Orthogonality.

2pp
0 OYymY ¢ mSngdgdf = dyydmm
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The eigenfunctions are orthogonal to all other
eigenfunctions.

For a normalized wavefunction, the probability of
finding the electron in avolume element dt is

y  y_ dt=y  y r’drsingdqdf

n,/,m n,/,m




Integration over gand f givesradial distribution
function f(r):

f(r)dr =R, ,R, redr

f(r)dr isthe probability of finding the electron between
spheresof radiusr and r+dr.

Consider the most probableradiusfor the hydrogen 1s
orbital. Thewavefunction isgiven by

Y100 =RigXY g = 2%3/29- 20 xi

/2D

(First, check to seeif theradial wavefunction is
nor malized

Y . av¥
oR; o Ry o r2dr = — o 2"%0r?dr

0 aOO

4 200

“Re2la)s |

(From integral table or integration by

¥ n!
parts: o€ qxxndx = n+1)

0 9

theradial distribution function is

f(r) — ige- 2r/aor2’
A
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and the most probableradiusisgiven by the maximum
of thisfunction.

df(l’) =0 :%@re- 2rlag _ 2r e—2r/a0 .:.

Since R1,0isnormalized, the average distance from the
nucleusis obtained from

Y .
(1= oR; oI Ry, redr
oy |

¥ s 3 0 3
(ry =4a’or’e *"*dr = 4a;° T=220
VTR % §2/a0)4z 2
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Electron Spin

Asnoted before,

Sa =h’s(s+1)a, Sa=hima

for a particlewith spin /2 it isusual to equatethe
function [@ with [MJ=1/2 and |b| with [MJ=-1/2.P

We also have raising and lower ing oper ators;

Sa=0 Sa-=hb
Sb=ha, Sb=0

Furthermore, we can specify the operatorsfor the

projection

therefore

The action

of spin along thex and y axes:

S, =S, +iS]

5=2(5+8) §=2(5-3)

of these oper ators on the spin functions gives

kKK

A hi A - h
a=-h, a=—~>b
Sx 2 Sy 2l

é)(bzga, Sb=--a

Finally, the spin functions are orthonor mal
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oa adt_=¢p'bdt_ =1
o 'bdt, =0

* %k

The spin " coordinates’ commute with position
coordinates. Therefore, the complete wavefunction will
be given by the product of spatial and spin
wavefunctions. e.g., for hydrogen-like atoms

Y =y c,=aorb

n,é,mC mg ! m

With theinclusion of spin the 1s orbital istwo-fold
degenerate. The degeneracies we derived above without
consider ation of spin haveto be multiplied by 2.

The Helium Atom

We now consider He and He-like atoms (two
electron atoms). The problems encountered hereare
common to all many-electron atoms. In addition the
energies of the Heatom form the basisfor the “shell”
picture of the atom.

The model consists of two electrons moving around a
fixed nucleus of charge +Ze.

electron coordinatesare|X,, ¥, Z,, X,,Y,,Z,
or |r,0 T, 15,01,

each electron hasitsown operators
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operatorsfor particle 2 do not change the functionsfor
particle 1 and vice versa.

Two-electron atom Hamiltonian:
0 - h° ~ he ~, Ze Ze ¢

+ spin orbit + ...

(thetermson the second line ar e usually small, and will
not be considered at this point)

Dueto the electr on-electron repulsion which depends on
ro = |T1 - T2||, thisisnot a separable Hamiltonian.

Note that the Hamiltonian ismostly the sum of two

hydrogen-like atomic Hamiltonians:
2

wdH = h(1) + A(2) +re—

We can solvethis problem if wetakethedrastic
approximation of ignoring the electron-electron
repulsion
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H, = h(1) + h(2)

the Hamiltonian is separable between electron 1 and 2,
and the wavefunction isthen given by the product of
hydr ogen-like wavefunctionsP

Y=y@y@, wherey())°y,, . 0

The energy isthe sum of the one-electron energies:

s 2
E(O) — _ ZZ§1Z + 129 €
en, n,e2a,

L owest ener gy eigenfunction ground state =15(1)15(2)
E? = 228é+ QRy = -8Ry

to compare with experiment, consider thefirst
jonization energy (He", [N, =1, n, =¥|)
|.P.=E(He")-E(He) =-4Ry + 8Ry = 4Ry

model gives 54.4 eV vsthe measured value of 24.6 eV.
Thisisavery poor approximation!

A better approximation isobtained from
Perturbation Theory -

We know that we can writethe Hamiltonian asthe
sum of an operator whose wavefunctions we can find,

HJ, and an operator for which we cannot find solutions.

(@]
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i =hg+ 7]

H, =h(1) + h(2)| (just solved above). solution

Yo

H1 =€’/ | (for the present problem)

The mean value or expectation value theorem can be

used to approximate the energy contributed by the EI
term:

kKK E(l) =/H,\ = 0Y gH1Y g dt
VY Y Y o dt

thisistheresult from " first order perturbation theory"

the wavefunctions used arethe eigenfunctions of [H,
(" zeroth order wavefunctions").

Thetotal energy isthen [E @E® +EY)

For the ground state of He we will be interested in
the correction

2
e i} ) 2
5 - (e 2r1/aoe 2r2/a0) dtldtz
€\ 2

e
\r_/ B - 2r /an - 2ro/an \2
1,2/15 (‘[‘(e 1790g =2 0) dt,at »

the above integrals can be evaluated analytically (but
not easily). Theresult is




16

<%22>15 = 2.5Ry

which gives|E @E® + E” =- 55 Ry| and the ionization
energy iIs1.5 Ry = 20.4 eV - much better but still not

good enough. (Can do higher order perturbation
theory.)

Extra credit homework problem
Calculate the coulomb repulsion energy using the
most probable and average distances an electron in a
1sorbital and assumethat the two electrons stay as
far away from each other as geometrically possible.
|stheresult better than 1% order PT? Discuss.

Variation Theory - another approximation scheme.

For thismethod we start with a" guessed” trial
wavefunction, [C], and estimate the ener gy of the system

by

o- oC Hcdt
oC Cdt
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We can show that ***|€3 E,| (the true lowest
eigenvalue) for any trial function c. Todothis, first

expand thetrial function in termsof thetrue
(orthonor malized) eigenfunctions (we don't need to
know the eigenfunctionsto do this. We only need to
know that they exist). If

Hy =Ey| then [c=aay,

To simplify matterswe will normalize thetrial function.
It then follows that

. N Ou _ o _»
occdt—l—({éaiyi)g%jlajngdt—qaﬁq

Next, evaluate thetrial energy from

Now, as|E, <E,<E, < ..... it follows from the

normalization condition that [€3 Egf. If|€= E|, this

Impliesthat thetrial function isthetrue ground state
eigenfunction.
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(Variation principle)

Given that [€ isalways an upper bound, improved
estimates of the ground state energy may be obtained by
Including variable parametersin thetrial function that

may be adjusted to give the smallest value for [€

Write[C] as|c =1(r,q,f; C},C,,Cs, ... )

wherethe(C |'sare adjustable parameters (variation
parameters). Thebest estimate for the energy isfound
T1e

from
ﬂ—e =0, — =0, etc.
Tc, Tc,

which gives n equationsin n unknowns. Solution of the
simultaneous equationsyieldsthe " best" parameter
values.

Thisiscalled the variation method.

Returning to the Helium-like atom, we can use atrial
function that isthe product of the one-electron
hydrogen-like orbitals

C(1,2,Z') =y 1i(1)y 1(2) p & “H0e =120
Herewe condsider Z' asavariation parameter.
Substitution of thisfunction in the variational equation

1€ _
1z

0| gives
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e=-2Ry(Z')?, where Z'=Z- %

For He, Z=2, Z'=27/16, E:-5.70Ry, IP=23.1eV. The
effective nuclear chargeisreduced becausethe
electrons" screen” one another.

Pauli Exclusion Principle

The complete wavefunction for the He atom must
Include the spin functions. For the ground statethere
arefour possibilities:

Y. =y.(Dy..(QaDa?)
Y, =Y LDy (2)a()b(2)
Y. =YLy (2b)a(2)
Y. =YDy . (2)b(1)b(2)

The Pauli exclusion principle: " Electronsin the same
or bital must have opposite spins.”

Functionsa and d are unsuitable on the basis of the
Pauli principle.

At a morefundamental level, systems of electrons (and
all other half-integer spin " particles' =Fermi particles)
are subject to therestriction that the complete

wavefunction must be anti-symmetric for the exchange
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of any two indistinguishable (identical) particles
(another expression of the Pauli principle). To examine
thiswe define a per mutation oper ator

P.Y(L2, oo yiyfy o ) =PY (L2, ... Jily )

Astwo applications of the per mutation operator will
givetheoriginal function, p=x1(even or odd). For
Fermions Only wavefunctions having p=-1 are allowed.

Also note that \llil, |5i,j] = 0| The permutation operator

commutes with the Hamiltonian. Therefore, permuting
the electronswill not change the energy of the system.
Viewed in terms of the symmetry of the
wavefunction, |Y .| and Zl are not suitableasthey are
symmetric (even, p=1) with respect to permutation

P..Y o = Py 1 (DY .(2)b(1)b(2)
=Y .2y . (Dp(2)bD) =Y,

Functions|Y ,Jand Y | areneither even nor odd; they

assign distinguishable characteristics to fundamentally
Indistinguishable particles. These problems can be
removed by using the linear combinations

Y.=Y, +Y.
=Y ..y .(A[a@b(2) +a(2)bD)]
Y =Y _- Y.
=y Dy .(A[a@b(2) - b(Da(2)]

(@]

and

kkk*
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For these functionsit is easily shown that
P.,Y,=%Y,

Hence, only|Y |isacceptable from the Pauli principle.
Thusthisisthe ground state of the He atom. Note that
we have an symmetric (even) spatial function, and an
anti-symmetric (odd) spin function. For other situations
we will also find odd spatial functions combined with
even spin functions.

Excited States of He.

First, consider the states arising from the configur ation
1s2s.

Thewavefunctions 15(1)2s(2) or 15(2)2s(1) are not
suitable because they suggest that the electronsare
distinguishable. Appropriatelinear combinations of
thesefunctionsare:

y . =([AD)29(2) +15(2)25(1)) [symmetric]

=(15(1)25(2) - 15(2)25(1)) [anti- symmetric]

To form complete wavefunctionsthat are anti-
symmetric, we may combine the symmetric spatial
function with the anti-symmetric spin function (a singlet
state, I.e. s=0)-

1Y 00 T Y 2(a(1)b(2) - a(2)b(1))
(the numerical subscriptsare s and ms.)
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Alternatively, we can combine the anti-symmetric
gpatial function with the symmetric spin functions (a
triplet state, i.e. s=1)-

kA kY L=y, (1)8. (2)\
woY =y, (@(Db(2) +a(2)b(D))

oY =y b(Db(2)

Next, consider the energies of the singlet and triplet
states. For this purposewe can ignorethe spin
functions asthe Hamiltonian we ar e using does not
contain any spin operators.

For the zeroth-order approximation, weignorethe

electron-electron repulsion. Both E and |y .| havethe
same zer oth-order energy -

E(O) — 4Ry§'i+ %-_8: - 5Ry

1st order perturbation theory for the singlet state (E)
gives

2 2
<f—> = o (15(1)25(2) + 15(2)25(1) "t 5
12/ a 12
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2
= abf—(ls(l)Zs(Z))zdt dt,
12
e 2
+a— (15(2)25(1))* it L0t ,

l1o
>

+2 a‘;re—ls(l) 15(2)25(1)25(2)dkt ,dt
12
thefirst two termsare known asthe Coulomb integral
J1s,2s(corresponding to classical Coulombic interaction
between the eectron distribution (1s(1)2) and (25(2)2))
and thelast term isthe Exchangeintegral K 1s2s
(purey quantum effect, no classical counter part).

Hence, [EY = Ji5 + Kyqs = 0.839Ry +0.088Ry

and [E, @ 5Ry +0.927Ry = - 4.043Ry

Thefirst-order correction tothe energy for thetriplet

state is given by

[e?\ _ e’ 2

\r_ / = o—(151)29(2) - 15(2)2s(1))"dt ,dt ,
12/ b

I

expansion of thisintegral gives
Ep = Jisos = Kygos = 0. 701Ry

and E @4 249Ry|
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Hencethetriplet stateisat alower energy than the
singlet. (Typically, for a given electron configuration the
triplet stateswill lie below the singlet states)

Now consider excited statesinvolving the 2p orbitals.
For the configuration 1s2p there will be six allowed
gpatial functions. The symmetric spatial functionsare
given by

y . =18(1)2p,(2) +15(2)2p,(1)
y » =18(1)20,(2) +15(2)2p, (1)

and the anti-symmetric spatial functionsare
Ya= 13(1)2p1(2) B 15(2)2p1 (1)

Y= 18(1)2po (2) B 15(2)2p0 (1)

Again, when these functions are combined with the spin
functionswe will have singlet and triplet states. The
symmetric spatial functions combine with the
antisymmetric spin function to yield yield three " singlet
P" functions. Thethree anti-symmetric spatial functions
combine with the three symmetric spin functionsto give
nine"triplet P" functions.

Asin the previous example, the zeroth order energies of
thetriplet and singlet states are the same (still -5Ry)
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When thefirst-order correctionstotheenergy are
calculated, it isfound that the Coulomb and exchange
Integralsfor 1s2p are not the same asthose for 1s2s (no
surprise asthesand p orbitals have very different
shapes). First-order perturbation calculations give

E(P) @ SRy +J,,, + Ky,
ECP) @ 5Ry +J,, - Ko,

1s2p

Note that the 1s2p stateslie above the 1s2s states. This
comes from the fact J1s2p > J1s2s. The energy now

depends on |4 aswell asn (thiswas not the case for one-
electron atoms).
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Many-Electron Atoms - Vector Model.

When morethan two electrons areinvolved, the
problem of solving the atomic Hamiltonian becomes
extremely complex. However, the patterns of energy
levels that occur can be understood by considering the
angular momentum associated with each state.

Thetotal angular momentum (J) of an isolated
system of orbiting electronsis a well defined (conserved)
property. However, there aredifferent waysin which
the angular momenta associated with each electron may
be combined to determine J.

We consider the two most important coupling schemes.

In the following, small letterswill be used to indicatethe
momenta associated with individual electrons, capital
letterswill be used to represent the properties of the
entire atom.

1. LS (Russdll-Saunders) coupling.

[Thisschemeissuitable for light atoms, where spin-
orbit coupling isrelatively weak]

Theindividual spins of the electrons are added together
to givethetotal spin angular momentum

*xkk| S = é SI
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(thesum isover the# of electronsin the atom)

The orbital angular momenta of the electrons are added
together to givethetotal orbital angular momentum

p— —

*xkk|| = é gi

Then the spin and orbital angular momenta are added
to give the conserved total angular momentum

****j:E+§

2. ]-] coupling.

[Thisworkswell for systems where spin-or bit
coupling isstrong. The disadvantage isthat it provides
less physical insight than the LS model]

For each electron we combinethe spin and or bital
angular momentato give theresultant

=4 +S

theindividual j values are then added to obtain thetotal
J=4]

Addition of Two Angular Momentum Vectors
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Russell-Saunder s Coupling

Consider two electrons:
Orbital angular momentum

L=(la+05), ((+0p-10), (1 +0p-2), e, (t1- £

Spin angular momentum
S=(5,+%), (51+52- 1), (51+5- 2), woor. , (i51- S2))

Total angular momentum
J=(L+S), (L+S1), (L+S-2), ...,(L-9

Term Symbolsaregiven as

*kk*k ZS+1|_

where 25+1 isthe spin multiplicity. L isrepresented by
the usual letter notation:
L=0, 1, 2 3 4..
S P D F G

Consider the configuration 1s2p



s =1/2, s =1/2

S=10

With L=1 and S=1, we have J=2, 1, 0. Theterm symbols

are given by

Tam

Degener acy

9=3x3)
9;=(2J+1)

For L=1, S=0 We:T\/eJ:L and theterm symbol is
1
P

Notethat the total degeneracy of the 1s2p configuration
IS 1+3+5+3=12. Thisisthe same asthe number of
different waysthat the two electrons may be arranged

In the orbitals

1s 2p1

3P0

SPJ

(95=3)

M

ORRORROR

3

ololoNeNol i o

3P2

Mg

5 (total

M

2 a
1a
0a
1Db
Ob
-1cC
1c
Oc

J
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. : 1 0 -1b
- - - 1 -1 od
- - - 0 -1 -la
- : - .1 -1  -2a
a= 3F32 b = SF%_ C= EEEI d ::SFi)

Careisneeded in determining term symbolsfrom the
above, which isatable of micro states. The quantum
numbers M L and M gare physically significant only for

the micro-states corresponding to the maximum and
minimum values of Mj.In thisexample, we can tell

from thefirst line of thetablethat we haveatriplet P
state. Thisaccountsfor 9 micro-states (J=2, MJ:Z, 1, 0,

-1,-2; J=1, M 4=1, 0, -1; J=0, MJ:O). Theremaining J=1
micro-states must then belong to the singlet P.

Finally, notethat the singlet and triplet states will have
different energies

- 1|:>1

on —
RN

3
P> 10
*kkk

Next, consider the more complex configuration 2p3p
(two p electronsin different setsof p orbitals).
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Thevarious waysthat the electrons may be assigned to
the p-orbitals and spin states gives 6x6=36 micro-states.
We do not need to develop atable of micro-statesto
deter minetheterm symbols. We only need to examine
the waysin which the angular momentum quantum
numbers may be combined

s =1/2, s =1/2

J values and term symbols, triplet states

For L=2, S=1, J=3, 2, 1
Terms- D, °D,| D,
degeneracies 7 5 3
For L=1, S=1, J=2, 1, 0
3 3 3
Terms- P, P P,
degeneracies 5 3 1

For L=0, S=1, J=1

Term- E
degeneracy 3

J values and term symbols, singlet states

For L=2, S=0, J=2. Ter, degeneracy =5
P, d

For L=1,S=0, J=1. Term . egeneracy = 3
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For L=0, S=0, J=0. Term|[S,|, degeneracy =1

Total degeneracy of triplet and singlet states
7+5+3 +5+3+1 +3 +5+3 +1 =36

Equivalent electrons

If the electrons are assigned to the same p-orbitals, the
Pauli Exclusion principle must be considered. There
arethen fewer than 36 allowed sub-states.

Consider the example presented by the ground state of
atomic carbon.

Configuration 1s2 2s2 2p2

To begin, notethat closed shellsand closed sub-
shells have zero orbital and spin angular momentum.

Hencefor 1s2 and 2s2, L =S=0.

We need only examine 2p2 (two electronsin the same p
or bitals, or equivalent p electrons) to determinetheterm
symbols. The micro-statetablefor thisis:

281 2p0 2p_1 I\/IL I\/IS MJ
- - - 2 0 2 a
- - - 0 0 Oe
- - - -2 0 -2a
- - - 1 1 2b
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1b

Ob
1a
0a
-la
1c
Oc
-1c
Od
-1b
-2b

I
I
I

o

PP OOOO0OO0OO0ORrEF

1
1
RFORRORRORRO

|
H

a= 1D2J. Thisistheonly possible assignment for this

micro state. Wethen eiminate from thetable five
micr o states associated with thisterm.

Once this has been done, identify the highest remaining
M; value. In thisexampleit isMJ:Z. With M =1 and

M g=1 this must be the J=2 component of P

Therefore, we must also haveﬂ and |’P,|. Theseterms
account for 9 of the micro states (b, ¢, and d).

We areleft with a single state, which must be 180

Finally, we see that theterm symbolsarising from the
ground state of atomic carbon are

C(1s2 252 2p2) - ['D,’P[PI[PPI'S,
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In general, if we are dealing with a shell that ismore

than half-filled, theterm symbols can be derived by
treating the holes asif they werethe only electrons

thusp2° p4, d6°d4, d%dl, etc.

Deter mination of the ground state term symbol(What is
the ground state out of all possible ter ms?) -

Hund's Rules.
1. Theground state of the lowest ener gy

configuration will be a state of maximum spin
multiplicity

2. |f several states have the maximum spin
multiplicity, the ground state will bethe state
with the highest value of L

For example, we have seen that the lowest ener gy
configuration of carbon producesthe states

DI, PR, ['S

Hund'srulespredict that E Isthe ground state.

The ground state terms can often be determined by
assigning electronsto the orbitalsin a manner that will
yield the maximum or bital angular momentum for the
maximum spin. To dothis, it issufficient to ensurethat
the z-components of the angular momenta are
maximized. Thusfor two equivalent p electrons.



Thisarrangement gives L=M | =1, S=1:- E

For two non-equivalent p electrons, npmp

mp; NPy ML Mg
- - 2 1
Herethe ground stateis.

Trem Diagram of Ca

Singlets Triplets
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Spin-Orbit coupling

So far, the Hamiltonian we have consider ed does not
have termsthat couple the spin and spatial coordinates.
Thus, at thislevel of approximation the spin
components of a multiplet all have the same energy. e.q.

for a’A state the °P,|,I’Py, and|’Py| componentswould

be degenerate. This degeneracy isremoved by spin-
orbit coupling. The spin-orbit interaction is given by-

|T—I1_a = hcAL >§

where A i1sthe spin-orbit coupling constant. For
evaluation of the energies associated with spin-orbit
coupling, it is convenient to expand the operator in the
following way :-

J= L+S

therefore, |2 =(L +S5)%? =2 +2[ 5+5]

or [6=(F- - &)

s0 that

A NCA (

Hs.o. ‘]2 I:Z - éz )'

with the operator in thisform the spin-orbit interaction
energy can be calculated from first order perturbation
theory:
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ES.O. — A
hc 2

Notethat for agiventerm L and Sare constant. The
Intervals between the multiplet states are governed by J.

(JU+1)- L(L +1)- S(S+1))

ES.O. —_— A

(JJ+1)- 4)
E,..- E;=A(J+1) (Landéinterval rule).

For atriplet P state

hc 2

Atomic Spectra - Selection Rules

1. Themost intense transitions are associated with
"jumps' made by a single electron

eg.1s2® 1s2p

(Transitions involving two or mor e electrons can occur,
but they are very low probability events).

2. Thereisnorestriction on the changein the principal
guantum number, Dn, but the intensity decreases as |Dn|
INCreases.

3. For light atoms DS=0. Thisruleisoften broken due
to spin-orbit coupling.

4. DL=+1. S« P, P« D, €tc.
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5. D=0, =1

6. Transitions between termsarising from the same
configuration do not occur.

For examples of the application of these selection rules
see Noggle, Chapter 12, figs 12.14 and 12.15.

Magnetic M oments

Classically, an orbiting electron isequivalent to a
circulating current. It will generate a magnetic dipole
moment given by

e _
=S
F’Q 2mc

In the quantum mechanics version of this equation we

cannot define the direction of , but we do know its
magnitude and proj ection along the z-axis. Hence,

eh
m :H:ML =mgM *
and
m|=m,JL(L +7)

wher e the collection of constants @ Isknown asthe
Bohr magneton (9.274x10-21 er g/gauss).

The spin magnetic dipoleisgiven by similar equations
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m| =gm,/S(S+1)

where g=2.002322 is an intrinsic constant associated
with the spin moment.

The magnetic dipole for an electron with both spin and
orbital angular momentum isformally deter mined by
the vector sum

m=m +m
a quantum treatment yields

my| =g, M/ +-1)’ my, = ngsMJ‘

where
_1+J(J+1)+S(S+1)- L(L +1)
: 2J(J+1)
Isthe Landé g factor

We now havethe basic information required to predict
the effects of an externally applied magnetic field on
various atomic states.

Classically, the energy of interaction between a
magnetic dipole and an applied field isgiven by

E=-ma8

Consider auniform field directed along the z-axis:
B = kB,
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theinteraction energy will be determined by the z-axis
projection of the atomic dipole

E=- MJng?)Bo

Thisresult predictsthat J stateswill be split into 2J+1
equally spaced components by a magnetic field.

The number of components can be used to find J, while
the separations at a given field strength can provide g -

Schematics of Energy Levels-- Ex. N (15)2(25)2(2p)3

(15)2(29)°(2p)°

No interaction

(magnetic field)

L 94-19



