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|.  Theory of Small Amplitude Vibrations

N

Let r; be the position vector of atom i relative to a space-fixed coordinate

system.
In genera
T (kinetic energy) = @ — ZI{/II A (1)
| |

where M. is the mass of atom 1.
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V (potential energy) =V(rq,r,,rs,...) (2)
but typically V depends only on the distances between the atoms. Thus,
for afixed geometry of the atoms, V does not depend on arigid rotation
or tranglation of one entire collection of atoms. (This means there are no
external fields.)

Expand V about minimum (only one?) in a Taylor series:

-~ °0

ot o1l s o TV
V_V{uai}+§ a ’ ﬂu .ﬂu.
a=x,y,x1j a |l P

(Ui - Ue?,i)

Ua,n;d =X,Y,0Z€0., U1 =X ,  Uzp9 = Zpg

and the coordinates of the minimum are

0,00 0.0 _0
(X1, Y127 - - XNYN»Zy) for N atoms

Define mass-scaled cartesian coordinates

% © M x , etc., where M, is the mass of atomi.
Thus,

18 . . _
T :Ea (miXi2+ myi2+mizi2)
i=1

1N 3 I S
zéa(xi Yy +Z7)
i=1
and
a7 -
PR =— =X ,€lC
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Define mass-scaled cartesian displacements g; that are indexed from 1 to

3N asfollows

Cp ° X - quz Y- y1' U3N = ZO

Thus, (to second order)

°0
’_’ 13N 3N

V=V(0,0,0,.00+=a agq v o]
2ia1 =] g g Tl 0,0,... |
(Why arethefirst derivative terms “missing”?) and
13,
=7 a- ql

| 1

Thesum T + V isthe Hamiltonian.

13N 2 13°N3°N. .
228,972,895, 9
WhereFI -Oﬂ IS the mass scaled Force Constant Matrix. In
] 'ITCIi‘ITCIjOO
matrix notation
eq U
é U
_éq 0. B
a=¢ . G 9 =[c% - Gen]
e u
&\

and thus
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Example 3 atoms
€y U
e u
_ &R0 _ o 0 _ x5 50
A=&.0» W=X-X , Q=23- 4
e u
&8
ég, U
2210
.. oU . .
T=4[ath 0] 6. a=3(F +B +-+5) v
é-
Ed,H
ek, F F.,,Uéq, U
:11 12 12(@%l;
gF21 Fy Fy l,%%l}
. ue - u o O
V:%[%%“ CI9]é3 gé - u=%a a q;F;q;
€ : we:u 1
e ue u
BFy  Fy Foo BBQ, 0
Note F; = F;;, i.e, F isasymmetric matrix
ae 2 2y, O
gProof" v _1v =
Tafa; 19;%q g

Also, note

Tisseparable ie, T=at ,wheret =4¢°,

but V is not separable, i.e., V=3 V..
i
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Thus, even to lowest (2™) order there is coupling. However, because V is

bilinear in 0jdj there exists a transformation to a new set of variables, Q,

such that T and V are both separable in the Q,.
Let g=CQ, where Cisa3N x 3N matrix. Consider a special class

of matrices called orthogonal matrices. These have the property that
c ! =C', where C'isthe transpose of C.

That IS,

Thus,
q' =(cQ) =Q'c'=qQ'c”
Aside—if D = EF then D' = F'E!

? ]
Proof—D; = A EFy. Di=a FyEy
k k

=a fiEg =a Eukg
K K

Thus,

=3aQ =at
V=3q'Fq=4Q'(C'FC)Q° $Q'LQ
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The new force const matrix L = C'FC and we determine C by requiring
L to bediagonal. Thisis aexample of an eigenvalue/eigenvector

problem. Before discussing that, what advantage istherein requiring L
to be diagonal ?

Ans: H=8 (t +M)=83Q* +3L,Q?
i i

Now the system looks like 3N uncoupled harmonic oscillators with
normal mode harmonic frequencies

Wi:\/L_i.

Returnto C'FC =L (diagonal).
Thus, multiply by C to get CC'FC = CL thus
[

FC=CL

Consider a 2x2 example;
gEFll Flzoa@ll C120 8@11 C120251‘-1 00
eFx Fzzﬂeczl Cpo &Cp Copé0 Lyog
Can show (homework) thisis equivalent to:

23:11 Fio 03@110 ?3110
eFx1 Fzzﬂeczlﬂ eCzlﬂ

29:11 |:1203@3120 L 26120
ek Fzzﬂeczzﬂ 2&Cor0

and
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Thus,
FcW=1,c®;  Fc@=1,c,

where

c® c@ ...cB®N grethe columns of the C-matrix. These columns are

called the eigenvectors. The procedure to find the C-matrix is termed

finding the eigenvalues and eigenvectors of F.

FC=CL
(I will spare you the details on how thisis “diagonalization of F” is
done.)
Remarks

There are 6 zero frequency modes, i.e., L1 - Lg =0. These normal modes
correspond to 3 trandations and 3 rigid rotations of the equilibrium
system, for which there is the remaining 3N-6 ws(L 7. 3n- ) @€ not zero
and they are the normal mode vibration frequencies.

For each w; thereis a corresponding eigenvector, C" which

relates normal mode Q tothe q; ;-; 3y, the mass-scaled cartesian

displacements. Recall q=CQ, so Q =Clq,

eQ u &€ Cy Cnibeq U
e u e e u
eQ u_é&C G ed U
€. ure.: ue . u
e u e ue - u
OV B85y
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\' Q =Cyy0 +Cyyly - +Crlan

To visualize the mode, place a vector on each atom with components

(011’ Co1s 031)’ etc.

Equations of motion

_ 2 ,c. _p? 2,2
Hyassical = a hy'; h" =% +3wQ
|
Q(t) = Acosw;t + Bsinw;t

_ 9 ] _ 3% 42 2~2
Hom =2 I hi'=-15 4 *3WiQ
i

(- @) ha) =0
ell)=nw; (ni +52L); n=0,12,..

Eota = é AW, (ni +‘%)

Total zero-point energy = § aw; /2
i

For IR-active mode light is absorbed at fundamental frequencies w2*"*®.

Also, obtain vibrational partition functions, x-ray structure factors, etc.
I. Examplesand practical matters

HCO (formyl radical) 3 vibrational. modes. Units. w istypically

reported in spectroscopy as cm ! But, w should be sec™. Let w =wy/c, ¢
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is the speed of light. Then w has dimensions of cm™. Notation should be
w but people get lazy and just use w. What about hw(n + —%)’? Thisisan

energy. How to convert from vT/(cm' 1) to energy.

1 hartree b 219474.6 cm-1
What about VV? This was obtained by saving the electronic energy asa
function of nuclear geometry. A search for the minimum was successful

and the force constant matrix was obtained numerically.
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HCO Norma Modes

H
w,=2981 cm'™*
“CH-stretch”
C 0
: N
,. \

w,=1382 cm™*

“bend”

H
w,=1091 cm™
“CO-stretch”
O
C
: N
.. N
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Si(100)—2x1 cluster (28 atoms), 2 layers. The vibrational modes of an
ordered solid are termed phonons. The potential in this example was a
model one based on harmonic nearest neighbor and next nearest

neighbor interactions.
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[11. What about anharmonicity and coupling

Anhar monicity

Vi (Q) =3wQ’ +¢Q +dQ" + -

anharmonic terms

All potentials contain such terms; however, for very small amplitude

motion they may be very small. “Easy” to treat anharmonic terms.

Coupling

V(Qu Q)= é Vi(Q.)"‘ansz +bQQ3Q, +---

Coupling termsin V(Q,,Q,,---,Qqy. 5) are termsthat involve two or

more modes. Thisis hard to treat, but very important to consider. For

example, H,O® OH+H must involve coupling.

The importance of anharmonicity and coupling

In HCO (energiesin cm™)

NMHO
ZPE 2899
ny 1145
n, 1905
N3 2748

NMAO
2857
1147

1869
2494

NMAO/C
2836
1104

1885
2448

EXP

1087
1868
2435
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Conclusion: NMHO is qualitatively correct, but not quantitative. (Huge

CH(ny) stretch anharmonicity.)
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