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Monte Carlo simulation of the self-assembly and phase behavior
of semiflexible equilibrium polymers
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Grand canonical Monte Carlo simulations of a simple model semiflexible equilibrium polymer
system, consisting of hard sphere monomers reversibly self-assembling into chains of arbitrary
length, have been performed using a novel sampling method to add or remove multiple monomers
during a single MC move. Systems with two different persistence lengths and a range of bond
association constants have been studied. We find first-order lyotropic phase transitions between
isotropic and nematic phases near the concentrations predicted by a statistical thermodynamic
theory, but with significantly narrower coexistence regions. A possible contribution to the
discrepancy between theory and simulation is that the length distribution of chains in the nematic
phase is bi-exponential, differing from the simple exponential distribution found in the isotropic
phase and predicted from a mean-field treatment of the nematic. The additional short length-scale
characterizing the distribution appears to arise from the lower orientational order of short chains.
The dependence of this length-scale on chemical potential, bond association constant, and total
monomer concentration has been examined.2@4 American Institute of Physics.
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I. INTRODUCTION functional optimization of orientational distributions—have
been treated separately, but simulation is still the only prac-

¢ tA ret_cently dltla_\ée_loped :\f/lonte C;rlc:j&rulz;xﬂon al%ﬁ_mht? tical way to address the overall problem of a polydisperse,
or trealing equilibrium sefl-assembled structures within the quilibrium system of chains with internal flexibility at mod-

grand canonical ensejmble. has be_en a.pplied tq .th(_a reversib, fate packing fractions. Lattice simulations of the |-N tran-
self-_ass'embly .Of par'nc‘l‘es mtp cha|n§, |.e.,.eqU|I|br|um pOIy'sition have shown strong artifacts relating to the discreteness
merlgatlon. Using this polyd|sper'se mse;rﬂon, re”.‘o"a" a.ndof positions and orientatior’s:*® Recent off-lattice simula-
r_esmng" (PPIRR) algorlf[hm_, the isofropic—nematic trans_l- tion studies by Fodi and HentscHkeand by Chatterji and
tion of semiflexible equilibrium polymers has been studiedp s haye confirmed the qualitative features predicted by
o:c/er a Ir atngethof paraéneter_ spact:el and conlwparefl to p_rl_ebd!Ct'oﬂ'?ean-field theory, including the first-order nature of the tran-
of analylic theory. Expenimental examples of equilibnium gy, iy three-dimensional systems, as well as the significant
polymer systems that exhibit an isotropic—nematic transmoqnCrease in average chain length that accompanies nematic
include wormlike micellesand self-assembled protein fibers ordering. The present study uses biased, multistep grand ca-
like f-actin? The goal of the present study is not to model a onical MC moves with the goal of ra[.i)idly equilibrating
particular system, but to test the predictions of analytica{;rge systems(5000—25000 monomersand  determining
theo_lt)r/] and extp lore the gheneratl natlj['re of ]Ehe phetnomer;]on. hase coexistences as precisely as possible over a range of
€ spontaneous phase transition ot anisotropic har physical parameters. The model for monomer association

wall particles to an orientationally ordered nematic IIqUIOIwas chosen to allow independent selection of chain flexibil-

;:_ryfta!llne ph?hse dl:.e tlo e)((jclud_ed?volubmeomterg;lor;i Waﬁy and the association strength of the chaining interaction,
st given a theoretical underpinning by Ynsagerior facilitating comparison with theoretical predictions.
used a lattice model to predict the effects of internal degrees

of freedom on this transition for semiflexible polymers; IaterII METHODS
work by Grosberg, Khokhlov, and Semefiand by Odij '
developed approaches based on a second virial approxim&- Model description
tion. Simulation studies of ordering in semiflexiple polymer We begin with an association constant for the bonding of
models have been performed to gest these t_heé?lEsxllo_V\_/- a hard-sphere monomer to another monomer or to the end of
ing early work by McMullenet al,” the coupling of equilib- 5 <hain of bound MONOMEr, seso= EXPBEoond, With A
rium polymerization to nematic ordering has been studied:(kBT)q and E.q the bond free energy. The association

: -14 on :
analytically by a number of al%”_‘?*g- Many of the com-  qnqtant is defined with respect to a reference system of ideal
plicating details—internal flexibility, end .e_ffects, tre?‘tm?mmonomers and chains lacking hard-sphere excluded volume
of excluded volume beyond the second virial approx'ma“o”interactions, with the standard reference state ofaner
defined at a concentration of onemer per volumer®. (De-
dElectronic mail: jkindt@emory.edu pending on context, one may considefss,.as a dimension-
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less value or as an inverse concentration with uats) In monomer’s insertion, to be updated every eight steps there-
the present work, an “isodesmic” model is used in which after) The acceptance probability for this chain addition is
KassociS independent of the length of the chain. At equilib- given by min(1W) where

rium, the chemical potential of an-mer in the reference :

. j—1
system is: w=> o, )
=N —(N=1)Apon= N —(N=1)KgT INKyss0 (1) =t
wherex = 4, the chemical potential of a free monomgn ~ @nd », represents a grand canonical weight for theer,
systems with fixed polydispersity, relationships between having the form used in standard GCMC
cher_nic_al pqtentigls of differgnt sized c_hains are not known @ = (Nt 1) "2V exp( B
a priori; an iterative or adaptive extensiSrf° of the present

method would be necessary to treat such cases to result in a =(Ngpt 1)‘1VK;5150£KaSSOCexp(BM)]“, 3

redetermined composition.In the present model, rin . .
P positia P g where N, represents the number of chains of all sizes al-

structures are not permitted. : . L,
Bonds between neighboring monomers in a chain aré;eady present in the system, including “chains” of length 1,
and u,, is defined in Eq(1). If the move is to be accepted,

constrained to a length equal to the hard sphere dianaeter th f the chai th st . lected for i Hon:
The bending potential for the angle between any three con: en one of the chain growth stages 1S selected Tor nsertion,

secutive bound monomers is an infinite square wel|?) ;the adggregat(ljon numhber of tgebﬁha'r;vt\? be inserted is se-
=0 for 6<6p,,, U(8)=0 for 6= 6,,,,. The same potential ectt_ar at ran c:jm Wlltdatl)plro a ”r?’“f Wr b |
was used in a previous study of equilibrium network o satisfy detailed balance, the facimust be calcu-

formation?! the present case differs only in that no junctionsIated in a similar manner for the removal/resizing step. First,
or branch’points are permitted a chain of arbitrary length is selected at random with equal

probability from among the aggregates in the system, whose
number we will callNy,+ 1 for consistency with the addition
step. To calculataV for this n-mer, a series of “dummy”
extension steps to a randomly selected end of the chain are
As part of the motivation for this study was to demon- performed, until a hard-sphere overlap is encountered when
strate the consistency and utility of the PDIRR algorithm,the attempt is made to extend the chain to ah#1)-mer.
Monte Carlo sampling was performed primarily through bi- The weightw is the sum of weights fromw, to w,, as given
ased chain addition, removal, and resizing moves. A generady Eq.(3), and the acceptance probability for removal of the
description of the PDIRR algorithm has been reportech-mer is given by mifl,W~1].
recently?? Here, specifics of implementation and justification In case of an unsuccessful removal, a resizing attempt is
of the method for a semiflexible equilibrium polymer model made. A new sizen”#n for the chain between 1 ana’
will be described. (inclusive is selected with a probability,/(W—w,), and
The basis of the PDIRR method is that insertion of anthe resizing move is accepted with a probability ,age
aggregate containing an arbitrary number of monomers, o=min[1, (W—w,)/(W—w,/)]. If the move is successful,
the change in an aggregate’s size by an arbitrary number ghonomers are removed from the previously selected end if
monomers, can be attempted within a single move. Chain”<n, and monomers are added to the chain end at the
addition or chain removal/resizing moves are selected witilummy positions already generated whe>n.
equal probability. The first step within a trial addition move
is the insertion of a hard-sphere monomer at a random posi-
tion within the simulation box. If the distance between the L .
trial monomer and any existing particle in the system is IessC' Justification of PDIRR algorithm
than the hard-sphere diameterthe move fails. Otherwise, To demonstrate the validity of this approach, we need
in subsequent steps a chain is grown unidirectionally frononly to show that it should give an equivalent probability
this monomer until a hard-sphere overlap is obtained or thelistribution to a simple GCMC approach for a mixture of
maximum number of particles allowed in the system isn-mers whose chemical potentials are given by @g. The
reached. For the next step within the chain addition move, aatio of probabilities of inserting and removing any chain of
trial particle (indexn=2) is added to a randomly selected a given size in a conventional GCMC simulation would in
position on the sphere of radiuscentered at the first particle such a case be
(indexn=1). For steps to add particles=3 and above, the ) 1
next trial particle is added to a randomly chosen position orF(NnHNnJ“l) — min(1L.V(Nn+1) "~ exp(Bpn— BYUex))
the truncated section of the sphere of radiusentered on  P(Np+1—Ng)  min(1V (N, +1)exp — Bun+ BUex)
trial particlen—1 that satisfies a minimum bond angle con- _ 1 _
dition, (r,—rn_1)-(rn_1—rp_2)>—C0SOy,. If the jth, =V(Na 1) 7 expBun— BUex)- @
step results in a hard-sphere overlap, the polydisperse insddgnder the current PDIRR method, the chance thab-amer
tion algorithm dictates that the addition of one of the inter-is chosen for insertion in an addition moveds /W, while
mediates in the growth of the chain, from a monomer to arthe probability that anyr-mer will be chosen for removal is
(j —1)-mer, be attemptedA neighbor list of particles within  equal to the number af-mers (\N,+ 1) divided by the num-
a distance 9 of the trial particle is generated at the first ber of chains in the systenmNg,+ 1)

B. Polydisperse insertion, removal, and resizing
(PDIRR) moves
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P(Ney— Nen+ 1N, —N,+1) process of chain growth beyonmd monomers, and so may
P(Ng+ 1—N_,,N,+1>N,) have a distribution of values. As in the off-lattice configura-
tion bias algorithm that provided the idea for the present
_ @, W™t min(1,W) method, the required detailed balance condition is saved by
~ (Np+1)(Ngpt 1) ITmin(1w the condition of “super-detailed balance® For any given

_ 1 n-mer in a given system configuration, the use of dummy
= n(Nent 1)(Ny+1) 7 (5) re-growth moves ensures that the probability distribution of

Substitution of Eq.(3) (the definition ofw,) into Eq. (5)  values forW will be identical for the insertion and removal

yields the same result as E@), given thatU.,=0 for this  processes.

hard-sphere system for any allowed conformation. One detail The ratio of the probability of resizing a chain fromto

that remains is thatV in general may depend on the randomn” to the probability of the reverse move is

P(Np+1Np—Np Ny +1) (N + DNGHL—min[ LW ) o (W= wy) " min[ 1(W— 0,)/(W—wy)]
P(Np Ny + 1Ny +1Ny)  (Npr+ DNGHL—min[2W ) opy(W— @)~ min[ 1,(W— o)/ (W—w,)]

. (Nn+ 1)(,L)nrr

" (Np+De, ®

In both numerator and denominator, the probability is a prodient with the addition—removal ratios. The resizing move is
uct of the chance of choosing a given size aggregate from thequivalent to removing the-mer and adding an”-mer in a
N¢, chains in the system; the probability that the removalsingle compound move, so the ratio of the forward and re-
move will fail; the probability that a given size will be se- verse resizing probabilities should equal the ratio of the
lected; and the acceptance probability for the move. To jusproduct of these addition and removal probabilities to the
tify the resizing algorithm, we show that this ratio is consis-product of the reverse move probabilities:

P(Nn+ 1,Nn//—> Nn y Nn//+ 1) _ P(NCh+ 1% Ncthn+ 1—>Nn) P(Nch—) NCh+ 1,Nn//—> Nn//+ 1)
P(Nn ,Nnrr+ 1—> Nn+ 1,Nnrr) N P(Nch+ 1_>Ncthn"+ 1—> Nnrr) P(Nch—>NCh+ l,Nn—> Nn+ 1)

=[wn(Nent+1)(Ny+ 1)71]7lwn”(Nch+ 1)(Npr+ 1)12%: (7)

where the substitution in the third term comes from B}, At equilibrium, however, the distributiof(L) is optimized,

and the final result matches E) to demonstrate consis- so the derivative of I with respect to the distribution is
tency. Again, the reliance on super-detailed balance is imzero; the pressure of the system is equal to the pressure of a
plicit: Resizing from a givem-mer to a givenn”-mer will fixed-composition system with the same length distribution.
yield the same distribution &V as the reverse move, as both The virial contribution to the pressure from a system of poly-
cases will sample the same subset of dummy aggregates camers interacting through hard-sphere sites can be calculated
taining the larger chain. from a weighted site—site distribution functfdn

wop

p=pkgT M2 lim (7*(r)g(r)) |, (€)

D. Data analysis -
The pressure of the self-assembled system at equilibrium

with a chainlength distributiof(L) can be formally written where p is the total concentration of monomeny, is the

in terms of the grand partition functiof as: mean chainlengtlii.e., the average total number of bound

and unbound monomers in the system divided by the number

dinE(w,V,T;f(L)) dlnE of aggregates in the system—including free monommers
p= av REEY; g(r) is the radial distribution function for the monomers, and
T wTHL) 7*(r) is defined as:
N dlnE [ﬂf(L)} ®
at(L)], L v | 7'*(r):0'_1<(rab'rij)/rab>rab:r! (10
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in whichr,, represents the displacement vector between twmematic phase calculations were initiated using a nematic
monomers and; represents the center-of-mass displaceconfiguration obtained from a prior simulation using the
ment vector between two chains, where the center-of-mass sime persistence length but different chemical potential or
each chain is evaluated without respect to periodic boundarif ,ssoc AS Noted a recent stud§,chainlength distributions in
conditions; the magnitude of; can be much greater than the equilibrium polymer systems relaxing towards a new equi-
box size for chains that wrap around the periodic boundarieBbrium are qualitatively different from equilibrium distribu-
multiple times. It is important to note that contributions to tions; the achievement of a stable chainlength distribution,
g(r) from pairs of particles on the same chain, bonded owsimilar to those shown in Fig. 2, was used as the primary
nonbonded, do not enter the pressure calculation of @js. criterion to establish that equilibration had occurred.
and(10) (asr;;=0 fori=j) exceptfor nonbonded pairs of

monomers on different periodic images of the same chain. To
obtain the second term in Eq9), a histogram of the Iil. PERFORMANCE OF THE PDIRR METHOD

weighted site—site distribution function was recordedth The advantage of the PDIRR method in the present con-
bin size 0.00%) every 1000 MC moves during the simula- text over single-particle biased addition—removal algorithms
tion, and a nonlinear least squares fit to a cubic polynomiajs jis faster sampling of chain length distributions, achieved
was used to estimate the value of the function=atr. Every  through an increased mean step size during the random walk
1000 MC moves, the bond vector order param&@®@s also  of chain growth and shrinkage. This advantage can be ap-
determined, using the method of Eppenga and Frefikel.  proximately quantified. At equilibrium, the mean step size of
length-dependent order paramefgrwas also determined, shortening a chain must equal the mean step size for length-
where S, = (3(cos §)—1)/2 where¢ is the angle between a ening a chain; the former is easier to estimate, as removal
bond vector and the director of the system as a whole, whilgnoyes are not subject to excluded volume constraints. The
the average runs over all bonds in chains of lerigtbhain- probability of shortening a chain of lengtiy by n monomers
length dependent order parameters were similarly recordegy 5 resizing move is proportional to w(o_n/wne)

for the bond vectors at positions 1 and1 (chain ends and =[K asso@XPB)] " If the value of G=K e, eXp(Bu)<1,

/2 (chain midpoints then the degree of resizing will be comparable to the average
. . . chainlength. Otherwise, the average number of monomers to
E. Other simulation details be resized is determined by ° nG /= G~ " which

For local conformational relaxation, each PDIRR moveevaluates toG—1)~* whenn, is large. There is no advan-
of either type(successful or ngtis followed by a series of tage to the PDIRR method wheb>1, as under such cir-
“crankshaft” moves in which an interior monomer is rotated cumstances it is unlikely that more than one monomer would
about the line connecting its two bonded neighbors by e added or removed in a single PDIRR move under equi-
randomly selected angle up tor2 The move is accepted librium conditions. The optimal performance regime for the
with 100% probability if the new angle satisfies both hard-method, where @ — 1) is positive but small, corresponds to
sphere excluded volume requirements and the bond angkemidilute conditions where considerable volume is avail-
constraints described above. The first move in the series @ble in the solution but chains do begin to crowd each other.
performed on a randomly selected interior monomer. A locaFortunately for the present problem, this is the regime in
neighbor list generated for the first move is then employedvhich the I-N transition is observed, as the density of the
for crankshaft moves on the five nearest bonded neighborsystem first becomes great enough that excluded volume ef-
(or until a chain end is reachgth both directions along the fects drive orientational ordering. Average resizing step sizes
chain. All (up to 11 moves are attempted whether or not the(n) between 3 and 11 are observed in our simulations, in
previous moves are successful. accordance with these predictions, for systems near the tran-

The radial distribution function and length distribution sition. The computational cost per step will be a factor of
function were calculated every 1000 move attempts. In gen=-(n) for the PDIRR method compared to the single-
eral, between 310° and 2< 10’ PDIRR steps were per- monomer additior(or less, as the PDIRR method can em-
formed for each data point after an initial equilibration pe-ploy neighbor lists more effectively, given that the moves are
riod of between 19 and 10 PDIRR steps. A typical all made in a localized argawhile the change in rate of
production run of 210" PDIRR moves required between growing or shrinking a long chain will scale és)?, so the
12 and 48 hours of AMD Athlon 1600 MP processor time. expected benefit will be-(n). Mean step sizes on the ap-
For certain sets of conditions, in order to improve the preciproach to equilibrium, either during the initial polymeriza-
sion of pressure calculations, up to®1PDIRR moves were tion or during an I-N transition, may be yet larger.
used. No unigue criterion is convenient to test the relative ef-

A (400)2 box with periodic boundary conditions was ficiencies of MC algorithms. For one test, we used as a start-
used for most simulations, except at the highest value oing point a system configuration generated wligh-10 o,
Kassoc@ndl,, for which a (6@)° box was used to ensure a K,qo=5000, expBu)=3x10 % and observed the rate of
sufficient number of monomers for good statistics near theelaxation of average chainlength from 36 to 24 when the
I-N transition. The time required for an isotropic phase toequilibrium constant was lowered to 200§ and expfu)
make the transition to the nematic phase depended on thecreased to 7.8 10 4 (which does not significantly change
conditions and choice of parameters, and was naturally verihe average total monomer concentration of the systéhe
long near coexistence conditions; in most cases, thereforeeal-time rate of change of the PDIRR code was 3.5 times
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faster than the monomer addition—removal code. Wi 1 r 1T 17 ' 7T 7 “

—1] =2, this is not a particularly favorable case for the -8 —
PDIRR method in equilibrium sampling. For the growth of a - a oA -
new isotropic phase K,sso=5000, expPu)=2.2X10 4, 82 oA -
|,=1000) from an initially empty box of edge length 68 | i _
the results are more dramatic; the known equilibrium density & fa)

of 0.0790 2 (17000 particles and mean chain length of 334 odﬁ? ©000 ]
21.5 o were reached 15 times more quickly by the PDIRR - O T
code than by the single monomer addition code. -8.6 | | | | T

1 1 1 1 1

IV. RESULTS ON SEMIFLEXIBLE 0 0-|05 : 0|-1~ : 0-115 02 025
EQUILIBRIUM POLYMERS 100 8 I l_

A. Simulation results for K g0 =5000

We first present detailed results at a single value of the
monomer association constalit,.s,= 5000 to illustrate gen-
eral structural and thermodynamic features of the isotropic
and nematic phase of equilibrium polymers. Figur@) 1
shows isotherms of chemical potential versus total monomer
concentration, which show little dependence on persistence
length at low densities. Effects of bond entropy that will lead

to a stiffness-dependent association behavior when the bond 1 T T I T T
energy is fixed’ are not seen here because the model allows - 90&0 -
the direct selection of association free energy, through 0.8 — —
K assoo fOF Chains of any stiffness. 05 - C f N
1. Growth law, isotropic phase ! o -
An ideal monomer association model predicts that the 0.4 — ]
mean chainlengttM will scale with the square root of the B 7]
total monomer concentratiop, or more preciselyM =0.5 0.2 __ 7]
+0.5(1+ 4K 4es0p) ¥2, in the isotropic phase. As shown in 0 Mj_agglg Féll L .4‘,_
Fig. 1(b), the ideal model accurately describes the simulation 0 005 01 015 02 025
results in the limit of low monomer concentration. Upward p (total monomer concentration, o)

deviations from the ideal model predictions at higher con-
centrations, ~previously observed in simulations Ofgig 1. pimensionless monomer chemical potengidksT [Panel (a)],
flexible?® 2% and semiflexibl¥” equilibrium polymer, appear mean number of monomers per chaih[Panel(b)], and orientational order
to be nearly independent of persistence length for the isotrgrarameteiS[Panel(c)] as a function of total monomer concentratiorior
pic phase in the regime depicted in Fig. 1. This deviation wagaullibrium polymer systems of various persistence lengths, Open

. 31 . circles:1,=10000, open squared,=1000, closed diamondd,,=100,
pred'_Cted k_)y G_elbaret al™ to arise from excluded V_Olume closed trianglesl,=4 o. The solid curve in Panel b gives the ideal chain
considerationgi.e., a monomer at the end of the chain occu-growth law, M = 0.5+ 0.5(1+ 4K ,s500) Y2 Monomer association constant
pies a greater excluded volume than does an interior mond<assoe= 5000 for all systems.
men which increase in importance as the concentration in-

creases.

In the more rigid polymer systemd =100 andl, other hand, gave an approximate sum of two exponentials
=10000), the isotropic phase is observed to become un- L= Aexp(— /Mg + B €Xp(—L/Mygn) indicating that dif-

stable above a certain chemical potential with respect to : !
. ) i rent considerations govern the growth of short and long
nematic phase, with nematic order parameter greater than 0,

) : . . . _Chains. This difference is related to the difference in the de-
[see Fig. 1c)]. The discontinuous change in concentration o . 20
. e . _gree of ordering; as previous authors have néted?°short
that goes along with ordering indicates a first-order lyotropic?, _ . . : L
- . . “chains have lower orientational order than long chains in a
transition between two phases of different concentrations . . . :
separated by a two-phase redion polydisperse mixture. The inset to Fig. 2 shows that the
P y P glon. range of short chainlengths where deviation from the single
' o exponential distribution is observed matches the range over
2. Chain-length distributions and length-dependent which the chainlength-dependent orientational order param-
order parameter eter S rises rapidly. Figure 3, a snapshot from the
Distributions of chain lengths in isotropic and nematic =1000¢ simulation with the short I(<10) chains high-
phases near coexistence are shown in Fig. 2. The isotroplighted in black, gives a visual impression of the orienta-
phases of the semiflexible polymers always yielded a simpléional disorder of the short chains.
exponential distributionp, <A exp(—L/M), whereM coin- An exponential distribution is expected when the free

cides with the mean chain length. The nematic phases, on ttenergy of a chain changes linearly with each monomer, as is
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FIG. 4. Bond angle correlation functioftosé ;. ) (nematic phase: solid
FIG. 2. Chain length distribution. Average number density of chaink of curve; isotropic phase: dotted cujyehain length-dependent order param-
monomers vs chain length for K,s,=5000. Data sets;dgo and Nggo eterS, (dot—dash curvesand order parameters of chain efsguaresand
correspond to isotropic and nematic phases |gt10000, w/kgT chain midpoint(x's) bond vectors as a function of length for nematic
=—8.414; kg and Ny, isotropic and nematic phases gj=1000, phases(See Fig. 2 for simulation parametersilled circles (,=10000
ulkgT=—28.278. Inset: expanded view of chain length distributisnlid only) represent box size of (68)°; other data obtained with (48)° box.
curves and chain length-dependent order param&efdot—dash curves
for nematic phases. Filled circles represent data obtained with a simulation
box of volume (6Qr)3; for all other data, box size is (48)%. Kassoc
=5000 for all data.

=560, longest observed chain lengt8000) are signifi-

the case in long chain limit of the nematic phase, where th&2ntly greater than the original box size of 40A likely
orientational distribution is unaffected by increasing chain€XPlanation is that a shorter lengthscale, the deflection
length, or in the isotropic phase. In the short chain limit oflengt? )"“V‘_<‘92>|p/2“(1__s)|p/3’ governs the structure of
the nematic phase, the orientational entropy changes rapidil€ neématic phase. This formula prediais200 or 34 o

with chain length, so the total orientational entropy does noflépending on whether the order parameeveraged over
change linearly with chain length. Compared to the long-@ll chains or for long chains only is used.

chain limiting distribution, an enhancement in the concentra-  The deflection length represents the characteristic chain

tion of short chains is consistent with the higher orientationafontour length over which the chain orientation is free to
entropy of these chains. fluctuate without being deflected towards the director by col-

lisions with other chains. We have independently determined
a related quantity from the simulation by calculating the
. _ _ bond angle correlation functiori(j)=(r;-r. ), with r; the

Figure 2 also demonstrates that these simulation resuligond vector of theth bond in a chain. For a free ideal chain
are quantitatively unchanged when the box edge length ighe result is a simple exponential with decay length equal to
increased from 40r to 60 o, in a test of box size effects persistence length, as we indeed observe for the isotropic
under a single set of conditiori$,=10000, Kasso5=5000,  phase. In the nematic phase, as shown in Fig. 4, we find that
exp(Bu)=2.22x 10"%]. This apparent insensitivity to finite- the bond orientational correlation functign;-r;_ ;) decays
size effects is rather unexpected, as several length-scales i 1o zero(as it does for an isotropic phase, given long
the system(persistence length10000, mean chain length enough chain lengthsbut to approximately(co€ 6)=2S
+3) asj increases. The apparent rise in this correlation func-
tion at highL is probably the result of poor statisti¢as the
number of long chains is smallThe deflection lengths esti-
mated from the roughly exponential decay aredfor the
system withl ,=10000, and 23¢ for the system withl
=1000. Like the chain length distribution and order param-
eter shown in Fig. 2, the bond angle correlation function is
not affected by the change in box size. All of these results
suggest that the present simulations are not strongly influ-
enced by finite size effects, in spite of the common-sense
notion that the aggregate size should never be larger than the
box dimension. We cannot, however, rule out the possibility
that fluctuations on much larger scales than our box size may
influence to the large-scale order or thermodynamic stability
of the nematic phase in macroscopic systems.

Figure 4 also shows the effects of bond placement within
a chain on the ordering of bonds. For long chains, bonds at
chain ends have less orientational order than chain interiors.
FIG. 3. Snapshot from MC simulation of nematic phase. Short cHas As predicted by Khokhlov anq Seme_n%?wve find that the .
mers and smallérare highlighted as black spheres; longer chains shown a€Nd segments are roughly twice as disordered as the interior
gray sticks K ,seo= 5000,1,= 10007, G=1.11, box size: (40 ¢)®. segmentsi.e., (COS H)end~(COS )2 410 -

3. Finite size effects and deflection length
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B. General comparison between simulation
and theory

Simulations of isotropic and nematic systems in the vi-
cinity of the I-N transition were performed fdp=1000
and 1,=10000 at five values ofK s, between 320 and
12500. The same qualitative featurds.g., first-order
isotropic—nematic phase transitions, functional forms of
single- and bi-exponential chain-length distributions in the
isotropic and nematic phases, respectiy@igre observed in
all of these systems. A benefit of the simplicity of the present

model, which facilitates the precise and independent choice = |25 " ! ! ! ! ! ]
of Kassocand |y, is the opportunity for direct comparison g T b q -
with analytical theory. We compare our results with predic- I 12 [ 44 ]
tions based on the analytic free energy expressions of van der é L15 —]
Schoot and Cates for isotropic and nematic phases of semi- & | " f 7
flexible spherocylinders® = F i
= 1.05 |- - -
, , o o™ |, |

1. Isotropic phase properties 0 005 01 015 02 025

The isotropic phase free energy per unit volufg of p (0?)
Ref. 13 can be writteiiin units ofkgT)

K| p p FIG._ 5. Comparison of theoretical predictions to simulation results for iso-
fio=—pE(1—M 1)+ ( B+ — p2+ - ( In— — 1) tropic phases. Panel a, mean chain lerigtlvs total monomer concentra-
M M M tion, showing simulation data and fits to E42). Panel(b), ratio of simu-
lation values of expi/ksT) to values predicted using Ed15). Open
M—-1 symbols: 1,=1000; filled symbols:1,=10000. Circles, squares, dia-
+p M In(M—1) -p InM. 11 monds, triangles, and left-facing triangles correspondKigs,= 12 500;

5000; 2000; 800; and 320, respectively. Parametersxarel 450°, B

The first term gives the cohesive energy in terms of the chairr 0-85¢°.
scission energy, corresponding to 1K c..cin the present
model. The second term approximates steric interactions
among chains within the second virial approximation, in- P
cluding end effects through the parameter The third term Muer=72+ 3 V1+ pa expE+ Kyp). (14
is the translational free energy of a system in which the total ike M, « is not an independent parameter but is determined
number density of chains is/M, and the remaining terms at each choice of density, association constant, and persis-
account for the mixing entropy of the polydisperse systentence length, by minimization of the free energy; unlikd,
for a single exponential distribution of chain concentrationq is not available as a simple expression in terms of the other
versus chain length. The mean chain lengtkthat minimizes  system quantitiefunless some terms in E(L3) are assumed
this free energy is negligible], so it is determined by a numerical minimization
of frem

Miso(p) =2+ 3V1+4p eXpE+ Kip). (12) In addition to the bond strength and persistence length,

The free energy of the nematic phase contains additiondhe analytical model uses three characteristic parameters with
terms to account for the effects of orientational order on théinits of volume:B, «,, and «y. While van der Schoot and

rotational, conformational, and steric entropies of the chainsCates® have used geometrical arguments to determine values
of these parameters for spherocylinders, the simulation

model employs tangent hard-sphere chains rather than

2

. 4 KN
frem= —PE(1-M 1)+ | —B+ —

m M| P spherocylinders. We have chosen values for the first two of
these factors to reproduce the simulation data in the isotropic
N iln a +i +£ Inﬂ _1> phase in the limit of low monomer density. As shown in Fig.
Pl ™ 2 al,) M M 5, the growth lawMs(p) of Eq. (12) fits simulation results

from 5 values ofK s, and two values of,, with one

M-1 (19 adjustable parametet,=1.454°. Also shown in Fig. 5, the

+p IN(M—=1)—pInM.

M chemical potentiaju;s, obtained from the first derivative of
Orientational order is included as=2(6?) " 1~3/(1-S); fiso With respect top in Eq. (11)
large a corresponds to a highly ordered nematic phase. The _ K| 1 »p
second virial term is now dependent on orientational order as ~ Hiso~ — E(1-M"9)+2| B+ M pt M '”M
a2 while the rotational and configurational free energies
penalties for nematic ordering scale asajifl and o/l " M-1 In(M—1)—InM (15)
respectively. The mean chainlendgthbecomes M '
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L O B e e b the diagonal ling The theory appears to under-predict the
= « s - degree of growth with respect to increasimgand to fail in
1.4 — A A — quantitatively predicting the influence of persistence length
B »e q on the size distribution. Qualitatively, the simulation results
€12 — e < . - . .
£ o™= 4 ] and theoretical predictions are in agreement with the trends
§ = 2 _ of increasingM with increasingp andl .
i L ﬂ’ - The chemical potential of the nematic phase, from the
= 08— M — differentiation of Eq.(13) with respect top, is
L ry el -
O'60 005101 0'15|0|2|o§l 013I0|35|04 E(1 M‘1)+2( 4 B+ Nt 1| (a)
X 1 0. 2 0. 3 0. ) Mnem= — - —B+ —|p+|—=In|—
S LI L L L LN B B fma My AN
L 4 -
el < 7 e e M M-
Py g a) Tvtw T M b =inM.
= - .
3-% 115 — M — (16)
§ 11— 4"::< — Figure 6(lower panel shows that the theory underestimates
& 105 —_ a A ] the chemical potential by a significant factor that growg as
o T L #‘” - increases. In contrast to the isotropic case, however, the de-
1= = viation cannot be fixed by a simpjedependent correction,
0 0-05 0.1 015 0.2 °~25 0-3 0-35 0.4 as the degree of deviation is dependentkogs,cand|, as
o (o) well as p. Quantitative prediction of the nematic phase

chemical potential and chain-length distribution would ap-

FIG. 6. Summary of simulation results vs theoretical predictions for nematmparenﬂy require non-trivial modifications to the simple
phases. Upper panel: ratio of observed to predicted values of mean Cha’t'P]eOI'y of Ref. 13.

length M using Eq.(14). Values below the lineMy /M eor; Values above
the line, Migng/Mpeor- Lower panel: Ratio of simulation values of
exp(uw/kgT) to values predicted using E(L6). Symbols are defined as in
Fig. 5.

3. Determination of coexistence region

The approximate boundaries of the isotropic, nematic,
is likewise in gOOd agreement with the Slmulatlon results forand two- phase coexistence concentration ranges at any g|ven
monomer concentrations beIQW:O 102 with the second Kassocandl, can be determined with little difficulty through
virial coefficient set toB=0.850>. As deviation from be- 4 series of simulations over a range of chemical potentials, to
tween theory and simulation in the measured concentratiogetermine the limits of stability of isotropic and nematic
range depends only om this discrepancy can be attributed phases. Due to hysteredise., over a range of values @f,
to a simple neglect of third and higher-order terms in thepoth phases are kinetically stable over the course of the
virial expansion of pressure, independent of persistencgimulation, the chemical potential data alone are insufficient

length and chain length distribution. to identify the unique pair of coexistence densities at each
KassocaNdl,, which are distinguished by common values of
2. Nematic phase properties both pressure(,= py) and chemical potential= uy). As

we are able to determine the system pressure during our
simulations, in principle we should be able to find the coex-
istence pair with little trouble. Unfortunately, pressure deter-
mination is particularly sensitive to the number, length, and
configurations of the longest chains in the system through the
center-of-mass displacement terry) in Eq. (10); these
chains have long relaxation times that lead to large and un-
certain statistical error in pressure results. Improving the sta-
tistical sampling for all simulation runs to reduce the error
®bars sufficiently to determine an intersection point between
isotropic and nematic phases with some precision would be
Brohlbmvely time-consuming. Instead, a single nematic
phase point, generally the lowest stable nematic concentra-
tion, was chosen for over-samplirigp to 1¢ Monte Carlo

The choice ofky in Egs. (13) and (14) is somewhat
arbitrary, as end effects on packing entropy are in fact de
pendent on the degree of orientational ortfehere we fix
Ky using the relationky=1.5k, used in Ref. 13 and the
value k,=1.450° determined from the isotropic chain
length distributions(Other choices ok do not significantly
improve the global fit between simulation and theory as pre-
sented below.

The theory does not attempt to include chain-length de
pendent orientational order, which was shown above to ac
company an enhancement of short chains in the system rel
tive to the limiting single exponential distribution for long
chains. It is no surprise, therefore, that the theory over;
predicts the overall mean chain length in the nematic

A ; o moves for each choice oK and |, investigated. The
phase, as shown in Fig. @oints below the solid diagonal ;" o reIationMdMaisgc usedpto extrapolate from
line.) Considering the long chains alone in the simulation

i . .~ this (relatively) precisely determined pressure to obtain the
does not yield much improved agreement; also shown in F'gpressure at higher densities:

6 is the ratio of the mean chain length for the long-chain
limit, Mng, to the theoretically predicteil (points above P(u)=~p(pmo)+p(p— o)+ (dp/du)(m— ue)?/2. (17)
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0.016 A | |\ i I 1 I 1 [ -
\
0.014 10000 & kl_.-l N 1.= 1000 —
& \ N P g 3
'@ 0.012 C H\ ~ 3
Py B ' o} N ]
< oo 8 i Y ~ ]
21000 \ . =
0.008 s E I H\ Fe =
- \ ~
0.006 X B 'H l . | 7
-8.415 -841 -8405 -84 -8395 -8.28 -8.275 -8.27 = e
kT kT 100 | | ] ! 1 [ 1 |
FIG. 7. Pressure vs chemical potential, from simulations of equilibrium 0 0.1 0.2 0.3 0.4
polymers withK ;50 5000. Circles: Simulation results for isotrofimpen —T BLURY T T T -
and nematidfilled) phases. Curves: Extrapolation from the best-measured |“ ‘\
simulation point using Gibbs—Duhem relation, E(.7), for isotropic 10000 Vo L= 100 —
(dashed curveand nematidsolid curve phases. = H|_‘ \ P o 3
- Voo N ]
g - | N\ N ]
- in Fig. 7.1 ‘1000 T } S =
Pressure data fdf 455, 5000 is shown in Fig. 7, includ- B 3 HH ~ E
ing the Gibbs—Duhem extrapolation from the over-sampled - \ N
points in the nematic and isotropic phase. We found reason- N HH I 7]
able general agreement between simulation results and Eq. 100 T T |
(17), although in some cases, as shown in the figurel for 0 0.1 02 0.3 04

=10000, the extrapolation from the over-sampled nematic 3
phase point lies outside the error bars of the other points p ()
(no_te that this is an eXtrapO_Iatl_or_]’ not a)'fIE_rror bar_s are_ FIG. 8. Comparison of phase diagrams from simulation and theory. Dashed
derived only from the error in fitting the weighted site—site jines; Coexistence boundaries calculated using Eds—(16), derived from
correlation function, and therefore, do not account for systenRref. 13. Points/error ranges: Coexistence boundaries determined from simu-
fluctuations at large length- and time-scales that would noftion as described in text.
affect the smoothness of this function; in other words, we
believe that the error bars are underestimated, especially for
data points that were not oversampled. A different problemmethods of determining coexistence that rely on volume re-
arises at,=1000. The combination of narrow co-existence scaling moves; the relative displacements associated with
regions(which, consistent with the Gibbs—Duhem relation, volume changes are proportional to center-of-mass displace-
yield nearly superimposable graphspfersusu for isotro-  ment, so very small volume change moves would be required
pic and nematic phases near coexistg¢r@eel uncertain pres- in dense systems of long chains. A more promising alterna-
sures made it impossible to even estimate a unique coexistive to the present approach would be to use a density-of-
ence pair. states methotf: sampling throughout isotropic, nematic, and
The intersections of Gibbs—Duhem curves were used taoexistence regions using addition and removal MC moves.
determine a pair of coexistence densities for the five systems is not clear, however, whether the hysteresis observed in
with | ,=10000 (with error bars based on the estimated un-the present simulations would interfere with the calculation
certainty in calculated pressureDue to the difficulty in  of a smooth and statistically meaningful density-of-states
choosing a unique pair of coexisting densities for systemgunction across the transition. We did not make an effort to
with 1,=1000, only ranges are presented in Fig. 8 andstudy the hexagonal phase, which has commonly been ob-
Table I, with the limits determined by either the instability of served in experiments on equilibrium polymemnd was
the phase on the simulation timescédeg., the highest. at  seen in simulations by Fodi and Hentsctkéiexagonal or-
which a spontaneous transition from nematic to isotropic waslering was not observed at any of the conditions tested;
observed was used for the lower lindr a clear difference some possible explanations may be that the present simula-
in pressurele.g., the lowestu for which the pressure was tion algorithm does not allow for periodically repeating un-
clearly greater in the nematic phase than in the isotropibroken chains, that the fixed box size was incommensurate
phase was used for the upper limiFigure 8 shows the with hexagonal ordering, or that the rate of the nematic—
phase boundaries determined from simulation with those préiexagonal transition was too slow to observe using our algo-
dicted by the theory of van der Schoot and Cafeshtained  rithm.
by solving for the intersection of plots of chemical potential Qualitatively, the simulated phase diagrams’ shapes are
versus pressure for the free energy expressions of @djs. in good agreement with theoretical predictions. Following
and(13). Additional data pertaining to the coexisting phaseskEg. (13), the rotational free energy penalty for ordering in the
are collected in Table I. nematic phase is inversely proportional to mean chainlength
A few comments on methodology before discussing theM, while the conformational free energy penalty is indepen-
results: We note that the long chains that complicate pressuigent of M. For systems of predominantly short chains
determination via Egs(9) and (10) would similarly pose (roughly, M<I,), which are plentiful wherK ;s¢,cis small,
problems in constant pressure or Gibbs ensemble simulatiathe position of the phase transition is strongly dependent on
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TABLE I. Properties of isotropic and nematic phases at coexistence. For systenig-witd0Qr, properties of

isotropic and nematic phases at a common valué&sefK o, exp(Bur), selected based on intersection of
Gibbs—Duhem extrapolations of pressure wgo give the best estimate of the phases at coexistence. For
systems witH ;= 1000, lower and upper limits 06 and corresponding isotropic and nematic phase properties
are given. Columns 4 and 5 contain data from isotropic phase simulations; columns 6—10 from nematic phase

Simulation of self-assembly and phase behavior

simulations.
Ip(‘T) Kassoc G PI(U73) M, PN(UﬁS) My Mlong Mhort Sy
1000 12 500 1.08 0.066 30.6 0.10 73.4 121.8 9.5 0.865
5000 1.12 0.088 23.2 0.16 87.2 138.2 6.2 0.932
2000 1.17 0.114 16.9 0.22 92.2 144.0 3.8 0.957
800 1.22 0.137 12.0 0.25 63.0 104.2 29 0.955
320 1.32 0.175 9.0 0.34 69.9 107.6 1.7 0.970
100 12 500 1.221 0.117 42.1 0.128 53.9 62.4 12.6 0.556
1.225 0.119 42.6 0.132 57.1 66.6 10.7 0.601
5000 1.265 0.135 29.1 0.147 36.8 44.1 10.8 0.547
1.285 0.142 30.3 0.165 46.3 56.1 7.2 0.686
2000 1.345 0.163 20.9 0.183 29.4 36.5 6.9 0.629
1.360 0.167 21.1 0.194 329 42.3 59 0.687
800 1.456 0.192 14.8 0.227 24.0 32.0 35 0.706
1.520 0.209 15.8 0.261 32.2 41.4 4.9 0.795
320 1.632 0.235 109 0.269 16.8 22.5 3.9 0.684
1.792 0.262 11.9 0.343 32.1 41.5 2.0 0.856

K assocthrough its effect oM; in the limit of largeK o c(i.e.,  Plotted againsp, as shown in Fig. 9, the data lies along two
high M) the position of the phase transition becomes indestraight lines segregated by persistence length, corresponding
pendent ofK ... because of theV ~! dependence of the to (1-1.95p) for I,=1000 and(1-1.65p) for |,=10000.
rotational free energy term, and is determined by the persi§;OI’ the short, isotropically oriented chains that contribute to
tence length alone. This long-chain regime has not beethe initial exponential decay in the nematic chain length dis-
achieved in the present simulations. In general, the breadttiibution, y appears to be independentiond proportional
of the coexistence region is greater at 18..,, Where the O the total monomer densifyto a first approximation, with
presence of short chains leads to strong coupling betweed constant of proportionality that depends on the persistence
chain growth and ordering as the monomer concentratiofength. (Previous work® has already served for a qualitative
increases. understanding of the chain length distribution in the long-
The width of the coexistence region is generally overeschain limit, as expressed in EL4); in terms of Eq(18), the
timated by the theory, as expected given that the theory giverobability y(p,L) is lower for long chains because of their
good agreement with simulation for the isotropic phase buprientational order, giving a slower decay in the chainlength
underestimates of the chemical potential of the nematiglistribution for largel.)
phase. An important contribution to the discrepancy is that
the theory only includes steric effects within the secondy symMARY

virial approximation, and so overestimates the stability of _ .
nematic phases at high concentrations. Even within the sec- We have usegtVT Monte Carlo simulation to map out

ond virial approximation, the orientationally disordered shortthe phase diagram of a simple model for semiflexible equi-
chain component observed by simulation but not incorpo-
rated in the theoretical model may also contribute to this

discrepancy. I ' ]
L N -
4. Scaling of short chainlength M sp,01 o
0.8 |— -
To guide future refinements of the theoretical model, we B
attempt to characterize the scaling behavior of the chain- £ r -
length distribution for short chains. In an ideal system, the "’06 . \
equilibrium concentration ratio of chains of length to %‘ ‘ ( 7
length L+ 1 equalsG=K s 0&XpBu). For a system with 5 F ~“ -
excluded volume, the ratio is R
04— —]
pLlpL+1=G[1=¥(p,L)], (18 ol
where y(p,L) is the probability that addition of a monomer 0.1p (0_3(3.2 0.3

to the end of anL-mer results in a hard-sphere overlap.

The nu,mber rat"? Oﬂ‘,_mers tO. L+1)-mers within ,the . FIG. 9. Scaling behavior of the short chain-length decay conatag, for
population of 0”entat|0na”y disordered short Cha'_ns ISnematic phases, withs=K 4ss0&Xp(Br). Symbols are as in Fig. 5. Solid
exp—1/Mgon. We find that whenG texp(—1/Mgo) IS line: y=1-1.95%; dashed liney=1—1.65x.
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