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Chain self-assembly and phase transitions in semiflexible polymer systems
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We present a phenomenological theory of the interplay between linear self-assembly, isotropic
attractions, and orientation-dependent repulsions in determining the phase behavior of particles that
reversibly polymerize into semiflexible chains. Important examples of such linearly aggregating
systems include many proteins, micelles, and dipolar fluids. Four classes of phase diagrams are
predicted, featuring coexistence regions between two isotropic phases, an isotropic and a nematic
phase, or two nematic phases. We map out the evolution of phase diagrams with changing values of
the chain persistence length and of the ratio of intrachain bond energy to isotropic attractive energy,
and relate the behavior in equilibrium polymer systems to that of fixed-length polymer systems. In
both cases our theory predicts that over a narrow range of persistence lengths, increasing the chain
length leads first to the disappearance and then to the recovery of the isotropic—isotropic transition;
this behavior is explained by a simple scaling argument.2@31 American Institute of Physics.
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I. INTRODUCTION occurs at initiator site&® All these models share some com-
mon features. One such feature is that when phase separation

The reversible self-assembly of molecules or colloidal ceurs the mean chain length is greater in the dense phase
articles into one-dimensional aggregates—linear chains—i ) . ? " .
P ggreg than in the dilute phase. Another is that the critical density

a characteristic of a variety of systems. These include imporf— h d tion 1t ition d h o of
tant biological macromolecules such as actin and tubulin, or the condensation transilion decreases as the ralio o

amphiphiles that form cylindrical“worm-like” ) micelles? chaining energy to isotropic attractive energy Increases. .
dipolar particles in ferrofluid® and electro- or magnetorheo- The phenomenon of nematic ordering in self-assembling

logical fluids? In all these systems, which can be describegSystems has also been the focus of several theoretical treat-

generally as equilibrium polymers, particles aggregate rements. Herzfeld and co-workers have considered the subject

versibly into chains having a polydisperse distribution of?n the context of the reversible aggregation of biologically

. _11 .
chain lengths, with an average length that increases as tH@Portant proteins: Matsuyama and Kato have consid-
system temperature is loweréecept in cases where bond- ered the self-assembly of rod-like suburiftOrientational

ing is entropically driven, when the reverse will hpkhd as ordering in solutions of worm;leike .micelles has also been
the total concentration of particles increases. Oneaddressed by several groudsi® It is generally observed

dimensional self-assembly, involving only short-range ag_that self-assembly can couple dramatically to the isotropic—
gregation forces, does not by itself lead to phase separatioRématic(I-N) transition; in fact, when conformational en-
Interactions between chains, however, can lead to interestid§oPY is neglectedthat is, when the aggregates are assumed
phase behavior in which coexisting phases may have verlp be perfectly rigid, an *“explosion” to infinitely long
different average chain lengths. In the present investigatiorhains is seen in the coexisting nematic phase.
our goal is to develop a phenomenological theory of equilib- A comprehensive theory of equilibrium polymers re-
rium polymer systems in which short-ranged anisotropicduires as its basis a theory for fixed-length polymers capable
bonding interactions lead to the formation of chains, isotro-0f describing both monomers and short and long chains in a
pic attractive interactions between particles may lead to firstsimple, consistent, and physically reasonable manner. For
order condensation, and orientation-dependent excluded volsotropic phases, the mean-field Flory—Huggins lattice theory
ume interactions between chains may result in nematigatisfies these requirements. For nematic phases of semiflex-
ordering. ible chains, no single existing theory is suitable in all re-
Theories for the isotropic—isotropit—1") or gas—liquid  spects. The theory of the isotropic—nematic transition in
transitions in equilibrium polymers have been described irsemiflexible polymers was first considered by Flory in
several studies. Blankschtein and co-worRatsveloped a 195617 and developed more fully by Khokhlov and
model for self-assembly and condensation in oneSemenov® Ronca and Yoor? and Odijk® in the 1980s.
dimensional micellar systems, providing a good account oMore recent progress in this area has included the treatment
experimental results. Jackson, Chapman, and Gubbind blends and inhomogeneous mixtures of semiflexible
treated the problem as one case in their development of theolymer$® and the application of microscopic liquid-state
theory of associating fluidsRecently, Douglas, Dudowicz, theory to anisotropic polymer systeffsWith few excep-
and Freed described a model for phase transitions in smaltions, however, the interplay between isotropic—isotropic
molecule living polymer systems in which chain growth only phase transitions and the onset of nematic ordering has not
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10000 5 Il. THEORY
E A B (C

A. Free energy of semiflexible polymers of fixed
length

E D
1000 - 5}\
] We require an expression for the free energy of a solu-

100 \)\ tion of semiflexible chains consisting d¥1 contiguous

S spherical particles and with persistence lenigtkin units of
] ~—— | the particle diametey as a function of temperature, volume

043¢ N\ fraction ¢, and bond orientational order distributiar(6),
] with @ the angle between the bond vector and the nematic
v director. We make the standard approximation that the free
1 100 1000 10000 energy can be partitioned into a stefjgacking entropy
1 term, a rotational entropy term, a conformational entropy

P . . .
term, and an energy of isotropic attraction:
FIG. 1. “Meta”-phase diagram illustrating evolution of phase behavior of

semiflexible fixed-length chains as a function of chain leridtand persis- fle.8,QM 1) =f(e.8,.Q;M) +f,(¢,8,Q;M)

tence length, . Insets show illustrative phase diagrams in tpeT) plane. . .

Region(A), only I-I' coexistence(B), I-I" and I-N;(C), only I-N; (D), +f(e,8,Q:M,l p)+ fa(ere). (€h)
I-N and N-N.

Heref represents the Helmholtz free energy per unit volume,
and B is 1kgT. Q is defined as

been addressed systematically as a function of chain length. Q=1- i(sm O)n(o) 2
Here we present a theory of fixed-length semiflexible poly-
mers, combining the steric free energy as developed from ande is the attraction energy associated with a pair of neigh-
lattice model by Flory and Rondd,and the conformational boring particles.
free energy derived by Khokhlov and Semetfdior worm- For the steric packing free energy, which includes the
like chains. The self-assembly aspect of the problem is thetranslational entropy of the chains, we use the
included explicitly and self-consistently for application to Flory—Ronc&® lattice expression as modified by Warffer,
equilibrium polymer systems.

In the following section we describe the phenomenologi- = — E

Y P 9 Bfy= M M +(1-@)n(l-¢)—|{1-¢| ——|Q

cal theory used for the free energy of both fixed-length and
equilibrium polymers. We then present and discuss our re- M—1
sults in the form of traditional phase diagrams, showing ex- XIn 1—¢(T
amples of coexistence curves in the temperature-
concentration plane, as well as “meta’-phase diagrams thalNote that in an isotropic phas€=0 and the steric term
indicate what transitions will appear in the phase diagram foreduces to the standard Flory—Huggins fdfm.
a given set of system properties. The “meta”’-phase diagram At low densities and large values bf, use of the above
representing fixed-length systerfsee Fig. 1 shows that for expression foBf; leads to qualitativébut not quantitative
solutions of flexible enough or short enough chains that exeragreement with the limitingsecond virial coefficientresult
isotropic attractions on each other, the'lphase separation of Onsaget’ for the I-N transition of long rod¥ The ben-
is theonly transition that appears; increasing chain length efits of using the lattice-based expression rather than the sec-
or persistence length, leads to the appearance of a first- ond virial expression as employed by Khokhlov and Se-
order I-N transition; the I-N transition grows and may menov and by Odijk are two-fold. First, finite size effects are
eventually supersede the [-ttansition with further increase incorporated into the lattice expression in a clear and consis-
in M andl,; and for sufficiently long and rigid chains a tent way, so that foM =1 (i.e., free monomejshe packing
nematic—nematié€N—N’) coexistence appears. We find a mi- entropy is simply that of a lattice gas, and the dependence on
nor but interesting exception to these trends: over a narroW (which is unphysical for spherical monomgdrops out.
region of persistence lengths, increasiMgfirst takes the  Similarly, in the limit of perfect alignment@=1) the lattice
system from a two-transitiofi—I" and I-N) phase diagram expression gives the appropriate mean-field entropy for
to one in which only the I-N transition appears, and thenpacking perfectly aligned rods of lengi¥t on a lattice, in-
leads to the recovery of the I-toexistence region. Similar stead of yielding anM-independent value as in the
trends hold for the evolution of phase diagramsequilib-  Khokhlov—Semenov expression. Both of these properties are
rium semiflexible polymer systems, with the ratio of bond useful in describing theM-dependent behavior of fixed-
energy to isotropic attractive energy playing the roleMdf  length polymers, and will be essential for a consistent theory
We show that this analogy breaks down, however, in predictef equilibrium polymerization. For completeness we mention
ing the existence of the N—'Nransition in equilibrium sys-  a third approach to the steric free energy, the lattice model of
tems, and that this is the result of thedependence of the DiMarzio,?® which is similar in spirit to the Flory—Ronca—
critical temperature of the N—Ntransition. This and other Warner(FRW) model. It has the advantage of being better
generic coexistence behaviors are rationalized via simplsuited to weakly nematic phases, for which the FRW expres-
scaling arguments. sion is not designed, and thereby allows treatment of second-

Q

M —
+(P( )(1 Q.
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order !—N transitions such as are obgerved ?n two-  Bf,=3Bcep(l—@)=2Be* o(1—¢), (6)

dimensional systenfs. In moderately to highly aligned

nematic phases that result from first-order transitions in thre e coordination number in a lattice model. For later conve

dimensions, however, _thg FRW expression is based on & ce we have definee: =ce/a. such that;Be*=1 at the

more appropriate description of the angle dependence of ex- tical t i f the latii ' f red

cluded volume, and is therefore better suited to our purposeg.rI Ical temperature of the lattice gas of unconnected mono-
Next we consider the contributions of rotational and con-"€"S:

formational entropy. For rigid rods, the rotational free energy In the mterest.of simplicity, we do not.lnclude_ a Mayer—
is given by Saupe terr¥ coupling the attractive potential to orientational

order; thus, we neglect the contribution of anisotropic attrac-

tions, which can be important to the stability of the nematic

'Bff_ﬁf n(6)In{4mn(6)]d0, (4) phase in real systems. Furthermore, we omit from consider-
hich red ¢ i distributi ¢ bond ation phases with long-ranged translational order, such as the
which reduces to zero for a uniform distribution of bon hexagonal phase, which can narrow or supersede the region

orlentatlons.,n(6)=1/47r. To optaln tractable expressions ¢ stability of the nematic phase at high volume fracfiéa?
for the rotational and conformational entropy of semiflexible

chai'ns in nematic phasgs, we make t'he ;implifying approxig Equilibrium  (linearly self-
mation that the bond orientation distribution is the same for
all bonds along the chain(See work by Khokhlov and To treat equilibrium (self-assembling polymer solu-
Semeno¥’ for treatments that go beyond this approxima-tions, we continue to use the above fixed-length chain theory
tion.) With this simplification, we use Ed4) to describe the as a basis. Note that whehé enters the free energy in the
decrease in rotational entropy associated with the ordering ¢ioove section it appears through its reciprocal as a measure
the first bond in the chain. For a chain with nonzero bendingf the number of independent chains, or equivalently one-
rigidity, the second bond orientation is necessarily correlatedalf the number of chain ends. In a polydisperse equilibrium
with the first, so that realizing the distribution functiogg) ~ System, therefore, the natural definition of the mean chain
for the second and each subsequent bond in the nematigngth is
phase costs less free energy than orienting the first bond. __
Under the assumption of a single bond orientation distribu- M =<2 i @ Z goi> =¢>/ 2 @i (7)
tion to describe all bonds along the chain, this free energy - =1 =1
cost will be identical for each of the second and subsequenthere ¢; gives the number density of chains of length
bonds, of which there ar® —2. The value per bond will Each term described in Sec. Il A will contribute the same
depend not only om(#) but also ong(«), the intrinsic  amount to the free energy, within the set of approximations
probability distribution of finding the angle between neigh-  already discussed, for a polydisperse solution of giveas
boring bonds on the chaif@bsent any chain—chain interac- for a monodisperse solution of the saMe The exception is
tions) from which can be calculated a persistence length. Ahat free monomeré.e., chains of length)ishould not con-
method for calculating the conformational free energy giventribute to rotational or conformational entropy terms. This is
n(#) andg(a) was described by Khokhlov and Semefbv a minor problem, however, as it will serve only to further
based on a result by LifshifZ;**but we shall simply use the destabilize orientationally ordered phases that are rich in free
continuum worm-like chain expression featured bymonomers, which will already be unstable with respect to the
Khokhlov and Semenov in which the contributiongffa) is  isotropic phase.
included only through a persistence length, In writing the free energy density of an equilibrium
M—2 polymer solution we can therefore simply take Ef) for
Bf.= ¢T(2l p)—1J [VNn(6)1%/[4n(6)]dQ. (50 fixed-length polymers, add the free energy of bond formation
and the entropy associated with polydispersity, and replace
While in many systems the persistence length will have ahe fixedM with the mean chain lengthl, which can now
temperature dependence, for simplicity we assume here thagspond to the system conditions to minimize the overall free
it is independent of temperature. energy.

In the numerical implementation of the theory we as-  We will assume that all bonds have the same dissocia-
sume that the bond orientational order distributiofg) is  tion energyU and dissociation entrop$, independent of
Gaussian. For a range of Gaussian functions, we conpute chain length or position, and that both will be positi¥&he
and the integrals in Eq$4) and (5). The Gaussian function theoretical treatment that follows would be identical for the
that minimizes the sum of the steric, rotational, and conforequally important case in which botth and S are negative.
mational terms in the free energy can then be used to calcd-he behavior of the resulting phase diagrams can be signifi-
late the equilibrium value of the nematic order parameter cantly different, howeve®~'! The free energy density asso-
=(Py(cos#)),. For fixedM andl,, each of the first three ciated with the bonds then follows simply from multiplying
terms in Eq.(1) is thus obtained as an explicit function @f the density of bonds by the free energy per bond,
and . — —

Finally, the energetic contribution to the free energy is Ao~ L#(M=1/M](=BU+S/ks). 8)
given by the standard Bragg—Williams approximation for theAn identical term could be included in the fixed chain length
isotropic attraction of all monomers, case, but would only contribute a term lineargno the free

évjheree is the pairwise energy of isotropic attraction anig

assembling ) polymers
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energy and would not affect the phase behavior. In the equi-

librium system, on the other hand, the mean chain leijth

will adapt to the temperature and volume fraction conditions

to minimize the solution free energy, so that the bonding free

energy is not linear irp. The bending rigidityand therefore

the persistence lengtlis one contribution to the dissociation

entropy S, along with stretching rigidity and constraints on

internal degrees of freedom of the monomer. For simplicity’s

sake, however, we will se8=4kg independent of eithelr, 2 T 2 — T

or U. This value ofSis sufficient to ensure that the system is 0 02 %4 06 08 0 02 0('; 06 08

essentially completely dissociated at all volume fractions if

U=0. FIG. 2. Phase diagrams of coexistence curves for chains of length 200 and
The final contribution to the free energy of an equilib- Persistence length 4panel(a)] and 1000(panel(b)].

rium polymer system is the gain in entropy of mixing from

having a polydisperse distribution of chain lengths rather

than a monodisperse distribution at the same valul! of cases where eithép, or M is infinite 38 but there are impor-

® ” tant new features that appear when the full ranges of both
In——1]11,

A (99 these physical variables are considered.

M For systems of chains with fixed lenghl, the free en-
where ¢; is again the number density of chains of length ergy of an isotropic Q=0) system in the model presented
As discussed abové/ alone, and not any other moment of above is simply the Flory—Huggins free energy. At this level
the length distribution, enters into the steric, conformational©f approximation, persistence length does not affect the I-I
rotational, and bonding terms outlined above. We can therelfansition. We summarize here the corresponding well-
fore choose the distribution that minimizds,, for any ~ known results: under poor solvent conditiofi®., positive
choice ofM. The solution is an exponential distribution, as Values ofe* in Eq. (7)] the isotropic phase will develop a
is the case in all ideal one-dimensional self-assembling sy<efitical point for isotropic—isotropi¢l-I") phase separation

_ - — 2 i
tems, such that the number density of a given length chain 8t ¢c=(1+ VM) '1'anch—4e* Mec/kg . Note that adM is
increased, the critical volume fractias. decreases from 0.5

ei=eM 1T (M—1)"" %, (100 for monomers to XM for long chains, while the critical
temperature increases frokgT.=¢€* for monomers to
kgT.~4€* in the limit of largeM.

For sufficiently largeM andl , the free energy densities
of the isotropic and nematic branches will cross at some

prmy:;l ei(lngi—1)—

It can be verified that this distribution satisfies the definition
in Eq. (7). Using this optimal distribution in Eq9) gives the
final term in the free energy density,

M—1 M-1 o — volume fractioney,
Bfpoy=¢——1In ——InM. (11
M MM flen, 7=0;M, 1) =f(on, 7n>0;M 1), 13
Minimization of the free energy with respect i gives  where zy lies at the local minimum irf with respect tos.
the following exact relation for an isotropic system: (Note thatn does not enter the free energy directly, but is
— derived from the Gaussian bond orientation distribution that
M= 3+ 3 J1+4¢exp BU—S/kg). (12) s selected to minimizé&) In region(A) of Fig. 1, ¢y does

not exist[i.e., there is napy<1 for which Eq.(13) is satis-
fied], and the only allowed phase transition is the'ltran-
sition described by Flory—Huggins theory. The borders of
region (A) in the limits of highM and highl, indicate that
for persistence lengths below 13.5 and for chain lengths be-
low 10.3(see arrows on axg®ur theory does not predict a
stable nematic phase.
When gy does exist, as it does for systems whivsand
IIl. RESULTS AND DISCUSSION |, values lie in regiongB), (C), and(D) on Fig. 1, the sys-
tem will phase separate to give coexistence between an iso-
tropic phase less concentrated thgp and a nematic phase
Our goal in this section is to understand the phase diaef higher concentration. As shown in both panels of Fig. 2,
grams of solutions of monodisperse chains of fixed lemdth the first-order isotropic—nematid—N) coexistence region
and persistence length that experience an isotropic attrac- containing ¢y is a narrow “chimney” in the high-
tion between all pairs of monomers. The “meta”-phase dia-temperature limit {>T_) but broadens as the temperature is
gram dividing the ¥,l;) plane into regions that yield a lowered to values where the isotropic attraction becomes sig-
particular topology of phase diagram is shown in Fig. 1. Wenificant. If the Flory—Huggins critical volume fractiop.
note that the main features of Fig. 1 could be inferred fromfalls in the pure isotropic phase &t , as it does in the left
the work of Khokhlov and Semenov for the two limiting panel of Fig. 2, then for some range of temperatures there

In the limit of large M, this becomes¢*?exf(BU
—9Kkg)/2], as is familiar from the mean-field treatment of
one-dimensional micellizatiot. In an ordered phaseyl
must be optimized numericalRf,but at largeM and fixedQ

its ¢ dependence iBe/(1—Q¢)]Y2

A. Phase behavior of chains of fixed length
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will be two successive phase transitions @ss increased: fore the packing forces that drive the I-N transition come
first an isotropic I-1 phase separation, and then a first-orderinto play.
nematic ordering transition at higher volume fraction. As the  In region(D) of Fig. 1, corresponding to yet higher val-
temperature is lowered further, both coexistence regionses of bothM andl,, two phase transitions once again ap-
broaden until they intersect and merge at a triple point into gear in the phase diagram: a narrow |-N transition at low
very broad I-N coexistence region. All combinations ofvolume fraction followed by a N-N condensation. The
chain length and persistence length that fall in regiBpof ~ N—N' transition was first predicted by Flory to appear for
Fig. 1 will have phase diagrams qualitatively similar to panellong rigid rods with isotropic attractior.It also appears in
Fig. 2. If ¢, falls in the coexistence regigr within the  the Khokhlov—Semenov theory of long semiflexible poly-
pure nematic phageat T, however, the |-ltransition dis- mers above a critical persistence lentfttand has been ob-
appears entirely from the equilibrium phase diagram becausgerved in experimental polymer systeffi§' To our knowl-
one or both of the coexisting isotropic phases will be un-edge, a general discussion of the scaling of the critical point
stable with respect to I-N phase separation or formation of &as not appeared in the literature, beyond the observation by
uniform nematic phaséNote that this may be the case even Flory*® that the critical temperaturén units of €*, the en-
when ¢.<¢@y if the 1-N coexistence region is broad ergy of attraction between monomgshould increase with
enough) This leads to a phase diagram of the type shown imematic ordering as mixing becomes closer to ideal. Numeri-
the Fig. 2b), a type that is shared for all systems representegal results from the current theory suggest that, in the limit of
in region(C) of Fig. 1. long chains, the critical volume fraction reaches a constant
A subtle yet curious feature of regi@f) in Fig. 1 is that honzero value neap=0.2 at sufficiently high persistence
it has an extremum with respect to persistence length at &ngth, while the critical temperature scalesl #3. This re-
finite value of chain length, marked on the graph by>a.” sult can be interpreted within the framework laid out by
The boundary between regio(‘B) and(C) crosses a narrow Odljk for the I-N transition in Iong semiflexible polyme?r%
range of persistence |engtmbetween rough]y 63 and Y6 Assuming a distribution of bond orientational order propor-
twice. For any of these persistence lengths, increading tional to exp(-«¢”/2) with « large, the conformational en-
leads first to the loss of the I-kransition and then to its €rgy density per chain scales a/4l, while the packing
recovery at still higher values dff. This feature can be entropy scales aa™ " (¢), wheref () is simply ¢* in
understood as a result of the scaling behavioppfind ¢y the second virial approximation, but in general will include
as functions ofM. From Flory—Huggins theory, we have higher-order terms. Optimizing the sum of these terms with
@c~1/\JM. In the limit where semiflexible chains behave asrespect tax gives the result that a factor bf M factors out
rigid rods (,>M), the current t?eory captures Onsager-type©f the free energy density
behavior, i.e.,¢y scales adM ™. ¢y is therefore a more N 113 13203 \_ 1 —1/3
rapidly decreasing function dfl than is¢., and may be- Bt (@ilp)= 31, Tt (@) =1, ol ). (14
come smaller tharp., which is a sufficient(though not a The entropic contributions to the free energy therefore scale
necessarycriterion for the disappearance of the 14tansi- as the inverse cube root of persistence length; the energy
tion. If M is increased significantly beyond, however, the required to overcome the steric and conformational barriers
stability of the nematic phase becomes independeritiof to condensation will have the same scaling behavior, so that
while the critical density for isotropic phase separation conthe critical temperature reduced by this energy of isotropic
tinues to decrease asyM. Accordingly, for still higherM  attraction must scale d%’g. The critical volume fraction is
values we have once again< ¢y, and the |-! transition ~ determined solely by the position of the inflection point in
may reappear. Because of the broadening of the I-N coexo(¢), and is therefore independent of persistence length.
istence region by isotropic attraction, simple comparison of
¢ and ¢y is not sufficient to determine whether the 1-1 o )
transition is superseded by the I-N transition: for this reasorB: EQuilibrium  (self-assembling ) polymer phase
the “reentrant” behavior only occurs in marginal cases, an ehavior
above a persistence length of about 76 the I-N transition is The phase diagram of an equilibrium polymer depends
the only one observed even in the limit of infinite chain on the behavior of the full range of chain lengths, as the
length. system’s compositiorfassuming positive bond dissociation
To describe this reentrance in more physical terms, wenergyU and entropys) will evolve from predominantly free
consider the origin of the two phase transitions. The' I-I monomers at temperatures higher thatkg to long chains
coexistence depends on a balance between translational eat- low temperature. In systems with isotropic attractions
tropy and attractive energy, while the I-N coexistence comeamong all solute particles, the ratid* =U/e* determines
from a balance between packing entropy and orientationghe extent of aggregation, and therefore the mean chain
(including rotational and conformationantropy. At lowM, length, at the critical temperature and volume fraction for
the gain in packing entropy only overtakes the loss in rotaisotropic phase separation. In the limit of high an equi-
tional entropy at largep, after the |-l condensation has librium polymer will be essentially completely polymerized
been played out; at mediuM, both balances come into play near critical conditions. Its behavior under these circum-
at intermediatep, so that only a single broad I-N transition stance will therefore be indistinguishable from that of a
results; and at higivl the translational entropy contribution fixed-length polymer in the higM limit. Before this limit is
is small enough that I1-Icondensation occurs at low, be-  reached, however, the phase behavior is influenced by the
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44 5000 U* =100
"T 130
NQ_U* =55
830
VRN U* =40

10

/N: 25
21 *

FIG. 4. I-N coexistence curves for equilibrium polymers without isotropic
¢ attractions. Upper pait,,=1000; lower pair],=40. Labels correspond to

FIG. 3. Critical behavior of flexible equilibrium polymers. Solid lines are mean chain length at coexistence. Gray areas are two-phase regions.

coexistence curves at selected valuedJéf=U/e*. Each is labeled with

the value of the mean chain lengith at the critical point. Dashes show
curve of critical temperature vs. critical volume fraction. — .
M becomes too low to support a stable nematic phase even at

high volume fraction. Therefore, the chimney curves over to
terminate atp=1; similar “bent chimney” phase diagrams
fact that in an equilibrium polymer system coexisting phasesire observed in models of fixed-length polymers in which the
need not and will not have the same mean chain ledyth  persistence length, instead of the chain length, is assumed to
As others have observed using related mofief¢ and as  decrease with increasing temperattit@he 1-N transition
shown for the current model in Fig. 3, &5 becomes large for equilibrium polymers withe* =0 is shown in Fig. 4 for
the critical temperaturkg T, in units of € increases up to a two values of the persistence length. Valued/ofor the two
limiting value (here, as in the Flory—Huggins theory, four phases at coexistence are labeled at representative points on
and the critical volume fraction decreases. In this modelthe graph. The nematic phase has a significantly larger mean
unlike that in the living-polymer-with-initiator theory of Du- chain length than the isotropic phase, even when the density
dowiczet al.® there is always an I-Icoexistence as long as difference is very small; the orientational order-dependent
€" is positive, even in the limit of highy* . [It can further be  term in Eq. (1), which stabilizes the nematic phase, favors
shown that in this limit the critical volume fraction is pro- long chains. The coexistence region is broadened, relative to
portional to exp{-U*/16).] This is a necessary consequencethe fixed-chain case for the sarhgwithout isotropic attrac-
of the equivalence of higlu* equilibrium systems and tions, due to the difference i in the isotropic and nematic
high-M fixed-length systems discussed above, given thaphases. In the case of the stiffer chaihs=(1000) this gives
phase separation occurs in the Flory—Huggins model even ia rather broad coexistence region at intermediate tempera-
the limit of infinite chain length. In Fig. 3, coexistence tures. This is a milder manifestation of the extreme result
curves are shown for several valued5f and are labeled by obtained by setting the persistence length to infinity, which
their mean chain lengti at the critical temperature and (in this as in previous wopk**® leads to perfect nematic
density; below the critical temperature, the valuehbfwill ~ order, infinite chain length, ang=1 in the coexisting nem-
be lower than the critical value in the dilute phase and highegtic phase. In the low-temperature limit, however, for finite
in the concentrated phase. The result is that near the critich}, the I-N transition approaches the same narrow coexist-
temperature there will be coexistence between phases coance region as the fixed-chain system of the same persistence
sisting of chains of only slightly different length, while at length in the limit of infiniteM (sinceM>1,, for sufficiently
very low temperatures the dilute phase will always consistow temperaturg
primarily of free monomers in coexistence with a phase of  Incorporating both isotropic attractions and semiflexibil-
long chains. ity into the self-assembling polymer model, we can once
The 1-N transition in linearly self-assembling systemsagain construct a “meta”-phase diagrdfig. 5 akin to Fig.
has been addressed by several groups, in the contexts df in which U* replacesM on the ordinate axis. In region
self-assembling proteifis® and worm-like micellar (A), there is only an I-Itransition because the chain flex-
solutionst*~1®Here we review the main features of the tran- ibility is too high to allow for a stable nematic phase. The
sition predicted by our current theory in the absence of atminimum persistence length for the existence of a stable
tractive interactionsi.e., € =0), which correspond closely to nematic phase is independentf and is determined by the
those described by van der Schoot and CHtemlike fixed-  high-M limit of the fixedlength system, which the equilib-
length semiflexible polymers, equilibrium semiflexible poly- rium system will achieve at low temperature.
mers do not have an |-N coexistence “chimney” persisting  Region(B) on Fig. 5 represents systems in which both
to infinite temperature. This is because at high temperature-1" and I-N coexistences appear in the phase diagram. At
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FIG. 5. “Meta”’-phase diagram classifying phase diagrams of semiflexible ®

equilibrium polymer systems as a function 0f andl,. Representative  F|G. 6. Phase diagrams showing 1-ahd “bent chimney” I-N coexistence

phase diagrams are shown in insets. Regions are defined as in Fig. 1, Withiryes at a constant persistence lengtf 60, for U* =85 (solid curve
(B) subdivided by dotted line into regimes based on whether the(be- w3 ) y* =40 (dotted curve “2), andU* =15 (dashed curve “1. For

low) or I-N (above transition appears at higher temperature. Points 1, 2,40 j* = 40 curve, the Il curve shown is metastable with respect to I-N

and 3 correspond to phase diagrams shown in Fig. 6. phase separation. Curves are labeled with valued afi coexisting phases
and at critical points.

low values of U* (where U<e*) there is no significant persistence length are present at the critical point of what is
chain formation at the critical temperature for 1phase now a metastable 1-lcoexistence. In case 8)* is suffi-
separation, so there is no possibility of a nematic phase formeiently high that the mean chain length is many times the
ing until much lower temperatures are reached. At high valpersistence length at the critical temperature, so that the
ues of U*, the opposite holds, so that polymerization will chains condense at low volume fraction and do not form an
lead to a “bent chimney” I-N coexistence region at tem- ordered phase until higher volume fraction.
peratures at which isotropic attractions are unimportant, well  Finally, a nematic—nematic coexistence appears in the
above the development of an [-toexistence region. The phase diagram of systems whose properties lie in re@dn
dotted line cutting through regiofB) represents the bound- of Fig. 5. The striking feature of this region is that the mini-
ary between these two regimes, at which the nematic phasgum value ofU* required to achieve an N-Noexistence
first appears at the critical temperature. region increases with increasing persistence length. As men-
The disappearance of the I-transition[marked by the  tioned in the fixed-length case, the critical temperature for
boundary between regior(8) and (C) on both Fig. 1 and the N—N transition scales not only witl* but also with
Fig. 5] was interpreted earlier, in Sec. lll A, for the fixed- |:r~L)/3' In order to ensure that long chaifshose presence is
length case in terms of the relative positionsgefand¢y.  necessary to stabilize the nematic phase in fact present at
For equilibrium polymers, as illustrated in Fig. ¢y shifts  this critical point,U* /I3 and not justJ* must therefore be
with temperature as mean chain lengths increase. Increasingrge; accordingly, the region D is limited on the right by a
U* leads to increased chain length Bt (which is of the  curve which increases without bound, roughlyl#8. One
order €*/kg) and so the dependence of the loss of the I-I implication is that no finite value df/* can lead to a phase
transition_onM andl,, outlined in Sec. II.I A, is quallit_ati_vely diagram with the N-N transition in the rigid-rod limit(l,
reflected in the dependence bif andl, in the equilibrium infinite). This fits with the previous observation that the
case. Because both phase transitions are coupled to the megble nematic phase of particles self-assembling into rigid
chain lengthM, the details are not identical to the fixed- rods is always ap=1, which precludes the existence of two
length case, except in the limit of high*. The minimum  coexisting nematic phases in this system.
persistence lengtls5) at which the I-I transition disap- The present theory was intended to be as idealized as
pears is lower in the equilibrium case than in the fixed-lengttpossible in its treatment of self-assembly. One important
case(63), leading to a more pronounced protrusion in thesimplifying assumption is that chains have no junctions or
boundary between regior{8) and (C). This can be under- branches. The introduction of junctions between one-
stood by the broadening of the I-N transition through cou-dimensional self-assembled structures leads to network-
pling to M, as discussed earlier. forming systems with rich phase behaviors, analogous to
In illustration of the loss and recovery of the [-tan-  microemulsiong* Another assumption made is that there is
sition, Fig. 6 shows phase diagrams representing three poings well-defined separation betweeéntra-chain and inter-
(*1”,"2”, and “3” ) on Fig. 5 on a line of constatt. In  chain interactions. The dipolar sphere model fluids represent
case 1, corresponding to a low valuelf, the I-I' critical ~ an important class of systems that exhibit a type of equilib-
point occurs at a temperature at which only short chaingsium polymerization in which this assumption does not hold.
form. A nematic phase does not appear until longer chainhe electrostatic potential that favors chain formation is
are formed at lower temperatures. In case 2, at an intermdeng-ranged and therefore also contributes to attractions and
diate value ofU*, chains of roughly the same length as therepulsions between chains. Whether the electrostatic chain—
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