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Chain self-assembly and phase transitions in semiflexible polymer systems
James T. Kindt and William M. Gelbart
Department of Chemistry and Biochemistry, University of California at Los Angeles, Box 951569,
Los Angeles, California 90095-1569

~Received 19 June 2000; accepted 23 October 2000!

We present a phenomenological theory of the interplay between linear self-assembly, isotropic
attractions, and orientation-dependent repulsions in determining the phase behavior of particles that
reversibly polymerize into semiflexible chains. Important examples of such linearly aggregating
systems include many proteins, micelles, and dipolar fluids. Four classes of phase diagrams are
predicted, featuring coexistence regions between two isotropic phases, an isotropic and a nematic
phase, or two nematic phases. We map out the evolution of phase diagrams with changing values of
the chain persistence length and of the ratio of intrachain bond energy to isotropic attractive energy,
and relate the behavior in equilibrium polymer systems to that of fixed-length polymer systems. In
both cases our theory predicts that over a narrow range of persistence lengths, increasing the chain
length leads first to the disappearance and then to the recovery of the isotropic–isotropic transition;
this behavior is explained by a simple scaling argument. ©2001 American Institute of Physics.
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I. INTRODUCTION

The reversible self-assembly of molecules or colloid
particles into one-dimensional aggregates—linear chains
a characteristic of a variety of systems. These include imp
tant biological macromolecules such as actin and tubul1

amphiphiles that form cylindrical~‘‘worm-like’’ ! micelles,2

dipolar particles in ferrofluids,3 and electro- or magnetorheo
logical fluids.4 In all these systems, which can be describ
generally as equilibrium polymers, particles aggregate
versibly into chains having a polydisperse distribution
chain lengths, with an average length that increases as
system temperature is lowered~except in cases where bond
ing is entropically driven, when the reverse will hold! and as
the total concentration of particles increases. O
dimensional self-assembly, involving only short-range a
gregation forces, does not by itself lead to phase separa
Interactions between chains, however, can lead to interes
phase behavior in which coexisting phases may have v
different average chain lengths. In the present investigat
our goal is to develop a phenomenological theory of equi
rium polymer systems in which short-ranged anisotro
bonding interactions lead to the formation of chains, isot
pic attractive interactions between particles may lead to fi
order condensation, and orientation-dependent excluded
ume interactions between chains may result in nem
ordering.

Theories for the isotropic–isotropic~I–I8! or gas–liquid
transitions in equilibrium polymers have been described
several studies. Blankschtein and co-workers5 developed a
model for self-assembly and condensation in o
dimensional micellar systems, providing a good accoun
experimental results. Jackson, Chapman, and Gub
treated the problem as one case in their development o
theory of associating fluids.6 Recently, Douglas, Dudowicz
and Freed described a model for phase transitions in sm
molecule living polymer systems in which chain growth on
1430021-9606/2001/114(3)/1432/8/$18.00
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occurs at initiator sites.7,8 All these models share some com
mon features. One such feature is that when phase separ
occurs the mean chain length is greater in the dense p
than in the dilute phase. Another is that the critical dens
for the condensation transition decreases as the ratio
chaining energy to isotropic attractive energy increases.

The phenomenon of nematic ordering in self-assemb
systems has also been the focus of several theoretical t
ments. Herzfeld and co-workers have considered the sub
in the context of the reversible aggregation of biologica
important proteins.9–11 Matsuyama and Kato have consid
ered the self-assembly of rod-like subunits.12 Orientational
ordering in solutions of worm-like micelles has also be
addressed by several groups.13–16 It is generally observed
that self-assembly can couple dramatically to the isotrop
nematic~I–N! transition; in fact, when conformational en
tropy is neglected~that is, when the aggregates are assum
to be perfectly rigid!, an ‘‘explosion’’ to infinitely long
chains is seen in the coexisting nematic phase.

A comprehensive theory of equilibrium polymers r
quires as its basis a theory for fixed-length polymers capa
of describing both monomers and short and long chains
simple, consistent, and physically reasonable manner.
isotropic phases, the mean-field Flory–Huggins lattice the
satisfies these requirements. For nematic phases of sem
ible chains, no single existing theory is suitable in all r
spects. The theory of the isotropic–nematic transition
semiflexible polymers was first considered by Flory
1956,17 and developed more fully by Khokhlov an
Semenov,18 Ronca and Yoon,19 and Odijk,20 in the 1980s.
More recent progress in this area has included the treatm
of blends and inhomogeneous mixtures of semiflexi
polymers21 and the application of microscopic liquid-sta
theory to anisotropic polymer systems.22 With few excep-
tions, however, the interplay between isotropic–isotro
phase transitions and the onset of nematic ordering has
2 © 2001 American Institute of Physics
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1433J. Chem. Phys., Vol. 114, No. 3, 15 January 2001 Chain self-assembly and phase transitions
been addressed systematically as a function of chain len
Here we present a theory of fixed-length semiflexible po
mers, combining the steric free energy as developed fro
lattice model by Flory and Ronca,23 and the conformationa
free energy derived by Khokhlov and Semenov24 for worm-
like chains. The self-assembly aspect of the problem is t
included explicitly and self-consistently for application
equilibrium polymer systems.

In the following section we describe the phenomenolo
cal theory used for the free energy of both fixed-length a
equilibrium polymers. We then present and discuss our
sults in the form of traditional phase diagrams, showing
amples of coexistence curves in the temperatu
concentration plane, as well as ‘‘meta’’-phase diagrams
indicate what transitions will appear in the phase diagram
a given set of system properties. The ‘‘meta’’-phase diagr
representing fixed-length systems~see Fig. 1! shows that for
solutions of flexible enough or short enough chains that e
isotropic attractions on each other, the I–I8 phase separation
is theonly transition that appears; increasing chain lengthM
or persistence lengthl p leads to the appearance of a firs
order I–N transition; the I–N transition grows and m
eventually supersede the I–I8 transition with further increase
in M and l p ; and for sufficiently long and rigid chains
nematic–nematic~N–N8! coexistence appears. We find a m
nor but interesting exception to these trends: over a nar
region of persistence lengths, increasingM first takes the
system from a two-transition~I–I8 and I–N! phase diagram
to one in which only the I–N transition appears, and th
leads to the recovery of the I–I8 coexistence region. Simila
trends hold for the evolution of phase diagrams inequilib-
rium semiflexible polymer systems, with the ratio of bon
energy to isotropic attractive energy playing the role ofM.
We show that this analogy breaks down, however, in pred
ing the existence of the N–N8 transition in equilibrium sys-
tems, and that this is the result of thel p dependence of the
critical temperature of the N–N8 transition. This and othe
generic coexistence behaviors are rationalized via sim
scaling arguments.

FIG. 1. ‘‘Meta’’-phase diagram illustrating evolution of phase behavior
semiflexible fixed-length chains as a function of chain lengthM and persis-
tence lengthl p . Insets show illustrative phase diagrams in the (w,T) plane.
Region~A!, only I–I8 coexistence;~B!, I–I8 and I–N; ~C!, only I–N; ~D!,
I–N and N–N8.
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II. THEORY

A. Free energy of semiflexible polymers of fixed
length

We require an expression for the free energy of a so
tion of semiflexible chains consisting ofM contiguous
spherical particles and with persistence lengthl p ~in units of
the particle diameter!, as a function of temperature, volum
fraction w, and bond orientational order distributionn(u),
with u the angle between the bond vector and the nem
director. We make the standard approximation that the f
energy can be partitioned into a steric~packing entropy!
term, a rotational entropy term, a conformational entro
term, and an energy of isotropic attraction:

f ~w,b,Q;M ,l p!5 f st~w,b,Q;M !1 f r~w,b,Q;M !

1 f c~w,b,Q;M ,l p!1 f a~w;e!. ~1!

Heref represents the Helmholtz free energy per unit volum
andb is 1/kBT. Q is defined as

Q[12
4

p
^sinu&n~u! , ~2!

ande is the attraction energy associated with a pair of nei
boring particles.

For the steric packing free energy, which includes t
translational entropy of the chains, we use t
Flory–Ronca23 lattice expression as modified by Warner,25

b f st5
w

M
ln

w

M
1~12w!ln~12w!2F12wS M21

M DQG
3 lnF12wS M21

M DQG1wS M21

M D ~12Q!. ~3!

Note that in an isotropic phase,Q50 and the steric term
reduces to the standard Flory–Huggins form.26

At low densities and large values ofM, use of the above
expression forb f st leads to qualitative~but not quantitative!
agreement with the limiting~second virial coefficient! result
of Onsager27 for the I–N transition of long rods.18 The ben-
efits of using the lattice-based expression rather than the
ond virial expression as employed by Khokhlov and S
menov and by Odijk are two-fold. First, finite size effects a
incorporated into the lattice expression in a clear and con
tent way, so that forM51 ~i.e., free monomers! the packing
entropy is simply that of a lattice gas, and the dependence
Q ~which is unphysical for spherical monomers! drops out.
Similarly, in the limit of perfect alignment (Q51) the lattice
expression gives the appropriate mean-field entropy
packing perfectly aligned rods of lengthM on a lattice, in-
stead of yielding anM-independent value as in th
Khokhlov–Semenov expression. Both of these properties
useful in describing theM-dependent behavior of fixed
length polymers, and will be essential for a consistent the
of equilibrium polymerization. For completeness we menti
a third approach to the steric free energy, the lattice mode
DiMarzio,28 which is similar in spirit to the Flory–Ronca–
Warner ~FRW! model. It has the advantage of being bet
suited to weakly nematic phases, for which the FRW expr
sion is not designed, and thereby allows treatment of seco
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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order I–N transitions such as are observed in tw
dimensional systems.29 In moderately to highly aligned
nematic phases that result from first-order transitions in th
dimensions, however, the FRW expression is based o
more appropriate description of the angle dependence of
cluded volume, and is therefore better suited to our purpo

Next we consider the contributions of rotational and co
formational entropy. For rigid rods, the rotational free ene
is given by

b f r5
w

M E n~u!ln@4pn~u!#dV, ~4!

which reduces to zero for a uniform distribution of bon
orientations,n(u)51/4p. To obtain tractable expression
for the rotational and conformational entropy of semiflexib
chains in nematic phases, we make the simplifying appro
mation that the bond orientation distribution is the same
all bonds along the chain.~See work by Khokhlov and
Semenov30 for treatments that go beyond this approxim
tion.! With this simplification, we use Eq.~4! to describe the
decrease in rotational entropy associated with the orderin
the first bond in the chain. For a chain with nonzero bend
rigidity, the second bond orientation is necessarily correla
with the first, so that realizing the distribution functionn(u)
for the second and each subsequent bond in the nem
phase costs less free energy than orienting the first b
Under the assumption of a single bond orientation distri
tion to describe all bonds along the chain, this free ene
cost will be identical for each of the second and subsequ
bonds, of which there areM22. The value per bond will
depend not only onn(u) but also ong(a), the intrinsic
probability distribution of finding the anglea between neigh-
boring bonds on the chain~absent any chain–chain intera
tions! from which can be calculated a persistence length
method for calculating the conformational free energy giv
n(u) andg(a) was described by Khokhlov and Semenov24

based on a result by Lifshitz,31,32but we shall simply use the
continuum worm-like chain expression featured
Khokhlov and Semenov in which the contribution ofg(a) is
included only through a persistence length,

b f c5w
M22

M
~2l p!21E @¹n~u!#2/@4n~u!#dV. ~5!

While in many systems the persistence length will hav
temperature dependence, for simplicity we assume here
it is independent of temperature.

In the numerical implementation of the theory we a
sume that the bond orientational order distributionn(u) is
Gaussian. For a range of Gaussian functions, we computQ,
and the integrals in Eqs.~4! and ~5!. The Gaussian function
that minimizes the sum of the steric, rotational, and conf
mational terms in the free energy can then be used to ca
late the equilibrium value of the nematic order parameteh
5^P2(cosu)&n . For fixed M and l p , each of the first three
terms in Eq.~1! is thus obtained as an explicit function ofw
andb.

Finally, the energetic contribution to the free energy
given by the standard Bragg–Williams approximation for t
isotropic attraction of all monomers,
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b f a5 1
2 bcew~12w![2be* w~12w!, ~6!

wheree is the pairwise energy of isotropic attraction andc is
the coordination number in a lattice model. For later con
nience we have definede* [ce/4, such thatbe*51 at the
critical temperature of the lattice gas of unconnected mo
mers.

In the interest of simplicity, we do not include a Maier
Saupe term33 coupling the attractive potential to orientation
order; thus, we neglect the contribution of anisotropic attr
tions, which can be important to the stability of the nema
phase in real systems. Furthermore, we omit from consid
ation phases with long-ranged translational order, such as
hexagonal phase, which can narrow or supersede the re
of stability of the nematic phase at high volume fraction.34,35

B. Equilibrium „linearly self-assembling … polymers

To treat equilibrium ~self-assembling! polymer solu-
tions, we continue to use the above fixed-length chain the
as a basis. Note that whereM enters the free energy in th
above section it appears through its reciprocal as a mea
of the number of independent chains, or equivalently o
half the number of chain ends. In a polydisperse equilibri
system, therefore, the natural definition of the mean ch
length is

M̄5S (
i 51

iw iY (
i 51

w i D 5wY (
i 51

w i , ~7!

where w i gives the number density of chains of lengthi.
Each term described in Sec. II A will contribute the sam
amount to the free energy, within the set of approximatio
already discussed, for a polydisperse solution of givenM̄ as
for a monodisperse solution of the sameM. The exception is
that free monomers~i.e., chains of length 1! should not con-
tribute to rotational or conformational entropy terms. This
a minor problem, however, as it will serve only to furth
destabilize orientationally ordered phases that are rich in
monomers, which will already be unstable with respect to
isotropic phase.

In writing the free energy density of an equilibrium
polymer solution we can therefore simply take Eq.~1! for
fixed-length polymers, add the free energy of bond format
and the entropy associated with polydispersity, and repl
the fixedM with the mean chain lengthM̄ , which can now
respond to the system conditions to minimize the overall f
energy.

We will assume that all bonds have the same disso
tion energyU and dissociation entropyS, independent of
chain length or position, and that both will be positive.~The
theoretical treatment that follows would be identical for t
equally important case in which bothU andS are negative.
The behavior of the resulting phase diagrams can be sig
cantly different, however.!8–11 The free energy density asso
ciated with the bonds then follows simply from multiplyin
the density of bonds by the free energy per bond,

b f b5@w~M̄21!/M̄ #~2bU1S/kB!. ~8!

An identical term could be included in the fixed chain leng
case, but would only contribute a term linear inw to the free
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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1435J. Chem. Phys., Vol. 114, No. 3, 15 January 2001 Chain self-assembly and phase transitions
energy and would not affect the phase behavior. In the e
librium system, on the other hand, the mean chain lengthM̄
will adapt to the temperature and volume fraction conditio
to minimize the solution free energy, so that the bonding f
energy is not linear inw. The bending rigidity~and therefore
the persistence length! is one contribution to the dissociatio
entropyS, along with stretching rigidity and constraints o
internal degrees of freedom of the monomer. For simplicit
sake, however, we will setS54kB independent of eitherl p

or U. This value ofS is sufficient to ensure that the system
essentially completely dissociated at all volume fractions
U50.

The final contribution to the free energy of an equili
rium polymer system is the gain in entropy of mixing fro
having a polydisperse distribution of chain lengths rat
than a monodisperse distribution at the same value ofM̄ :

b f poly5(
i 51

w i~ ln w i21!2F w

M̄ S ln
w

M̄
21D G , ~9!

wherew i is again the number density of chains of lengthi.
As discussed above,M̄ alone, and not any other moment
the length distribution, enters into the steric, conformation
rotational, and bonding terms outlined above. We can th
fore choose the distribution that minimizesf poly for any
choice ofM̄ . The solution is an exponential distribution,
is the case in all ideal one-dimensional self-assembling
tems, such that the number density of a given length cha

w i5wM̄ 2~ i 11!~M̄21! i 21. ~10!

It can be verified that this distribution satisfies the definiti
in Eq. ~7!. Using this optimal distribution in Eq.~9! gives the
final term in the free energy density,

b f poly5w
M̄21

M̄
ln

M̄21

M̄
2

w

M̄
ln M̄ . ~11!

Minimization of the free energy with respect toM̄ gives
the following exact relation for an isotropic system:

M̄5 1
2 1 1

2 A114w exp~bU2S/kB!. ~12!

In the limit of large M̄ , this becomesw1/2exp@(bU
2S/kB)/2#, as is familiar from the mean-field treatment
one-dimensional micellization.36 In an ordered phase,M̄
must be optimized numerically,37 but at largeM̄ and fixedQ
its w dependence is@w/(12Qw)#1/2.

III. RESULTS AND DISCUSSION

A. Phase behavior of chains of fixed length

Our goal in this section is to understand the phase
grams of solutions of monodisperse chains of fixed lengthM
and persistence lengthl p that experience an isotropic attra
tion between all pairs of monomers. The ‘‘meta’’-phase d
gram dividing the (M ,l p) plane into regions that yield a
particular topology of phase diagram is shown in Fig. 1. W
note that the main features of Fig. 1 could be inferred fr
the work of Khokhlov and Semenov for the two limitin
Downloaded 17 Jul 2002 to 170.140.188.212. Redistribution subject to A
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cases where eitherl p or M is infinite,38 but there are impor-
tant new features that appear when the full ranges of b
these physical variables are considered.

For systems of chains with fixed lengthM, the free en-
ergy of an isotropic (Q50) system in the model presente
above is simply the Flory–Huggins free energy. At this lev
of approximation, persistence length does not affect the I8
transition. We summarize here the corresponding w
known results: under poor solvent conditions@i.e., positive
values ofe* in Eq. ~7!# the isotropic phase will develop
critical point for isotropic–isotropic~I–I8! phase separation
at wc5(11AM )21 andTc54e* Mwc

2/kB . Note that asM is
increased, the critical volume fractionwc decreases from 0.5
for monomers to 1/AM for long chains, while the critical
temperature increases fromkBTc5e* for monomers to
kBTc'4e* in the limit of largeM.

For sufficiently largeM andl p , the free energy densitie
of the isotropic and nematic branches will cross at so
volume fractionwN ,

f ~wN ,h50;M ,l p!5 f ~wN ,hN.0;M ,l p!, ~13!

wherehN lies at the local minimum inf with respect toh.
~Note thath does not enter the free energy directly, but
derived from the Gaussian bond orientation distribution t
is selected to minimizef.! In region ~A! of Fig. 1, wN does
not exist@i.e., there is nowN,1 for which Eq.~13! is satis-
fied#, and the only allowed phase transition is the I–I8 tran-
sition described by Flory–Huggins theory. The borders
region ~A! in the limits of highM and highl p indicate that
for persistence lengths below 13.5 and for chain lengths
low 10.3 ~see arrows on axes! our theory does not predict
stable nematic phase.

WhenwN does exist, as it does for systems whoseM and
l p values lie in regions~B!, ~C!, and~D! on Fig. 1, the sys-
tem will phase separate to give coexistence between an
tropic phase less concentrated thanwN and a nematic phas
of higher concentration. As shown in both panels of Fig.
the first-order isotropic–nematic~I–N! coexistence region
containing wN is a narrow ‘‘chimney’’ in the high-
temperature limit (T@Tc) but broadens as the temperature
lowered to values where the isotropic attraction becomes
nificant. If the Flory–Huggins critical volume fractionwc

falls in the pure isotropic phase atTc , as it does in the left
panel of Fig. 2, then for some range of temperatures th

FIG. 2. Phase diagrams of coexistence curves for chains of length 200
persistence length 40@panel~a!# and 1000@panel~b!#.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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will be two successive phase transitions asw is increased:
first an isotropic I–I8 phase separation, and then a first-ord
nematic ordering transition at higher volume fraction. As t
temperature is lowered further, both coexistence regi
broaden until they intersect and merge at a triple point int
very broad I–N coexistence region. All combinations
chain length and persistence length that fall in region~B! of
Fig. 1 will have phase diagrams qualitatively similar to pan
Fig. 2~a!. If wc falls in the coexistence region~or within the
pure nematic phase! at Tc , however, the I–I8 transition dis-
appears entirely from the equilibrium phase diagram beca
one or both of the coexisting isotropic phases will be u
stable with respect to I–N phase separation or formation
uniform nematic phase.~Note that this may be the case ev
when wc,wN if the I–N coexistence region is broa
enough.! This leads to a phase diagram of the type shown
the Fig. 2~b!, a type that is shared for all systems represen
in region ~C! of Fig. 1.

A subtle yet curious feature of region~C! in Fig. 1 is that
it has an extremum with respect to persistence length
finite value of chain length, marked on the graph by a ‘‘3.’’
The boundary between regions~B! and~C! crosses a narrow
range of persistence lengths~between roughly 63 and 76!
twice. For any of these persistence lengths, increasingM
leads first to the loss of the I–I8 transition and then to its
recovery at still higher values ofM. This feature can be
understood as a result of the scaling behavior ofwc andwN

as functions ofM. From Flory–Huggins theory, we hav
wc'1/AM . In the limit where semiflexible chains behave
rigid rods (l p@M ), the current theory captures Onsager-ty
behavior, i.e.,wN scales asM 21. wN is therefore a more
rapidly decreasing function ofM than iswc , and may be-
come smaller thanwc , which is a sufficient~though not a
necessary! criterion for the disappearance of the I–I8 transi-
tion. If M is increased significantly beyondl p , however, the
stability of the nematic phase becomes independent ofM,
while the critical density for isotropic phase separation c
tinues to decrease as 1/AM . Accordingly, for still higherM
values we have once againwc,wN , and the I–I8 transition
may reappear. Because of the broadening of the I–N co
istence region by isotropic attraction, simple comparison
wc and wN is not sufficient to determine whether the I–8
transition is superseded by the I–N transition; for this reas
the ‘‘reentrant’’ behavior only occurs in marginal cases, a
above a persistence length of about 76 the I–N transitio
the only one observed even in the limit of infinite cha
length.

To describe this reentrance in more physical terms,
consider the origin of the two phase transitions. The I8
coexistence depends on a balance between translationa
tropy and attractive energy, while the I–N coexistence com
from a balance between packing entropy and orientatio
~including rotational and conformational! entropy. At lowM,
the gain in packing entropy only overtakes the loss in ro
tional entropy at largew, after the I–I8 condensation has
been played out; at mediumM, both balances come into pla
at intermediatew, so that only a single broad I–N transitio
results; and at highM the translational entropy contributio
is small enough that I–I8 condensation occurs at loww, be-
Downloaded 17 Jul 2002 to 170.140.188.212. Redistribution subject to A
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fore the packing forces that drive the I–N transition com
into play.

In region~D! of Fig. 1, corresponding to yet higher va
ues of bothM and l p , two phase transitions once again a
pear in the phase diagram: a narrow I–N transition at l
volume fraction followed by a N–N8 condensation. The
N–N8 transition was first predicted by Flory to appear f
long rigid rods with isotropic attractions.39 It also appears in
the Khokhlov–Semenov theory of long semiflexible pol
mers above a critical persistence length,38 and has been ob
served in experimental polymer systems.40,41 To our knowl-
edge, a general discussion of the scaling of the critical po
has not appeared in the literature, beyond the observatio
Flory39 that the critical temperature~in units of e* , the en-
ergy of attraction between monomers! should increase with
nematic ordering as mixing becomes closer to ideal. Num
cal results from the current theory suggest that, in the limi
long chains, the critical volume fraction reaches a const
nonzero value nearw50.2 at sufficiently high persistenc
length, while the critical temperature scales asl p

1/3. This re-
sult can be interpreted within the framework laid out
Odijk for the I–N transition in long semiflexible polymers.20

Assuming a distribution of bond orientational order propo
tional to exp(2au2/2) with a large, the conformational en
ergy density per chain scales aswa/4l p while the packing
entropy scales asa21/2f st(w), where f st(w) is simply w2 in
the second virial approximation, but in general will includ
higher-order terms. Optimizing the sum of these terms w
respect toa gives the result that a factor ofl p

21/3 factors out
of the free energy density

b f ~w; l p!5 1
2 l p

21/3w1/3f st
2/3~w!5 l p

21/3f 0~w!. ~14!

The entropic contributions to the free energy therefore sc
as the inverse cube root of persistence length; the en
required to overcome the steric and conformational barr
to condensation will have the same scaling behavior, so
the critical temperature reduced by this energy of isotro
attraction must scale asl p

1/3. The critical volume fraction is
determined solely by the position of the inflection point
f 0(w), and is therefore independent of persistence length

B. Equilibrium „self-assembling … polymer phase
behavior

The phase diagram of an equilibrium polymer depen
on the behavior of the full range of chain lengths, as
system’s composition~assuming positive bond dissociatio
energyU and entropyS! will evolve from predominantly free
monomers at temperatures higher thanU/kB to long chains
at low temperature. In systems with isotropic attractio
among all solute particles, the ratioU* 5U/e* determines
the extent of aggregation, and therefore the mean ch
length, at the critical temperature and volume fraction
isotropic phase separation. In the limit of highU* an equi-
librium polymer will be essentially completely polymerize
near critical conditions. Its behavior under these circu
stance will therefore be indistinguishable from that of
fixed-length polymer in the highM limit. Before this limit is
reached, however, the phase behavior is influenced by
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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fact that in an equilibrium polymer system coexisting pha
need not and will not have the same mean chain lengthM̄ .
As others have observed using related models,6,8,42 and as
shown for the current model in Fig. 3, asU* becomes large
the critical temperaturekBTc in units of e* increases up to a
limiting value ~here, as in the Flory–Huggins theory, fou!
and the critical volume fraction decreases. In this mod
unlike that in the living-polymer-with-initiator theory of Du
dowiczet al.,8 there is always an I–I8 coexistence as long a
e* is positive, even in the limit of highU* . @It can further be
shown that in this limit the critical volume fraction is pro
portional to exp(2U* /16).# This is a necessary consequen
of the equivalence of highU* equilibrium systems and
high-M fixed-length systems discussed above, given t
phase separation occurs in the Flory–Huggins model eve
the limit of infinite chain length. In Fig. 3, coexistenc
curves are shown for several values ofU* and are labeled by
their mean chain lengthM̄ at the critical temperature an
density; below the critical temperature, the value ofM̄ will
be lower than the critical value in the dilute phase and hig
in the concentrated phase. The result is that near the cri
temperature there will be coexistence between phases
sisting of chains of only slightly different length, while a
very low temperatures the dilute phase will always con
primarily of free monomers in coexistence with a phase
long chains.

The I–N transition in linearly self-assembling system
has been addressed by several groups, in the contex
self-assembling proteins9–11 and worm-like micellar
solutions.13–16Here we review the main features of the tra
sition predicted by our current theory in the absence of
tractive interactions~i.e.,e*50!, which correspond closely to
those described by van der Schoot and Cates.16 Unlike fixed-
length semiflexible polymers, equilibrium semiflexible pol
mers do not have an I–N coexistence ‘‘chimney’’ persisti
to infinite temperature. This is because at high tempera

FIG. 3. Critical behavior of flexible equilibrium polymers. Solid lines a
coexistence curves at selected values ofU* 5U/e* . Each is labeled with
the value of the mean chain lengthM̄ at the critical point. Dashes show
curve of critical temperature vs. critical volume fraction.
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M̄ becomes too low to support a stable nematic phase eve
high volume fraction. Therefore, the chimney curves over
terminate atw51; similar ‘‘bent chimney’’ phase diagram
are observed in models of fixed-length polymers in which
persistence length, instead of the chain length, is assume
decrease with increasing temperature.43 The I–N transition
for equilibrium polymers withe*50 is shown in Fig. 4 for
two values of the persistence length. Values ofM̄ for the two
phases at coexistence are labeled at representative poin
the graph. The nematic phase has a significantly larger m
chain length than the isotropic phase, even when the den
difference is very small; the orientational order-depend
term in Eq.~1!, which stabilizes the nematic phase, favo
long chains. The coexistence region is broadened, relativ
the fixed-chain case for the samel p without isotropic attrac-
tions, due to the difference inM̄ in the isotropic and nematic
phases. In the case of the stiffer chains (l p51000) this gives
a rather broad coexistence region at intermediate temp
tures. This is a milder manifestation of the extreme res
obtained by setting the persistence length to infinity, wh
~in this as in previous work!14,15 leads to perfect nematic
order, infinite chain length, andw51 in the coexisting nem-
atic phase. In the low-temperature limit, however, for fin
l p , the I–N transition approaches the same narrow coex
ence region as the fixed-chain system of the same persist
length in the limit of infiniteM ~sinceM̄@ l p for sufficiently
low temperature!.

Incorporating both isotropic attractions and semiflexib
ity into the self-assembling polymer model, we can on
again construct a ‘‘meta’’-phase diagram~Fig. 5! akin to Fig.
1, in which U* replacesM on the ordinate axis. In region
~A!, there is only an I–I8 transition because the chain flex
ibility is too high to allow for a stable nematic phase. Th
minimum persistence length for the existence of a sta
nematic phase is independent ofU* and is determined by the
high-M limit of the fixed-length system, which the equilib
rium system will achieve at low temperature.

Region~B! on Fig. 5 represents systems in which bo
I–I8 and I–N coexistences appear in the phase diagram

FIG. 4. I–N coexistence curves for equilibrium polymers without isotrop
attractions. Upper pair,l p51000; lower pair,l p540. Labels correspond to
mean chain lengthM̄ at coexistence. Gray areas are two-phase regions
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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low values of U* ~where U!e* ! there is no significant
chain formation at the critical temperature for I–I8 phase
separation, so there is no possibility of a nematic phase fo
ing until much lower temperatures are reached. At high v
ues ofU* , the opposite holds, so that polymerization w
lead to a ‘‘bent chimney’’ I–N coexistence region at tem
peratures at which isotropic attractions are unimportant, w
above the development of an I–I8 coexistence region. The
dotted line cutting through region~B! represents the bound
ary between these two regimes, at which the nematic ph
first appears at the critical temperature.

The disappearance of the I–I8 transition@marked by the
boundary between regions~B! and ~C! on both Fig. 1 and
Fig. 5# was interpreted earlier, in Sec. III A, for the fixed
length case in terms of the relative positions ofwc andwN .
For equilibrium polymers, as illustrated in Fig. 4,wN shifts
with temperature as mean chain lengths increase. Increa
U* leads to increased chain length atTc ~which is of the
order e* /kB! and so the dependence of the loss of the I8
transition onM andl p , outlined in Sec. III A, is qualitatively
reflected in the dependence onU* and l p in the equilibrium
case. Because both phase transitions are coupled to the
chain lengthM̄ , the details are not identical to the fixed
length case, except in the limit of highU* . The minimum
persistence length~55! at which the I–I8 transition disap-
pears is lower in the equilibrium case than in the fixed-len
case~63!, leading to a more pronounced protrusion in t
boundary between regions~B! and ~C!. This can be under-
stood by the broadening of the I–N transition through co
pling to M̄ , as discussed earlier.

In illustration of the loss and recovery of the I–I8 tran-
sition, Fig. 6 shows phase diagrams representing three p
~‘‘1’’, ‘‘2’’, and ‘‘3’’ ! on Fig. 5 on a line of constantl p . In
case 1, corresponding to a low value ofU* , the I–I8 critical
point occurs at a temperature at which only short cha
form. A nematic phase does not appear until longer cha
are formed at lower temperatures. In case 2, at an inter
diate value ofU* , chains of roughly the same length as t

FIG. 5. ‘‘Meta’’-phase diagram classifying phase diagrams of semiflex
equilibrium polymer systems as a function ofU* and l p . Representative
phase diagrams are shown in insets. Regions are defined as in Fig. 1
~B! subdivided by dotted line into regimes based on whether the I–I8 ~be-
low! or I–N ~above! transition appears at higher temperature. Points 1
and 3 correspond to phase diagrams shown in Fig. 6.
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persistence length are present at the critical point of wha
now a metastable I–I8 coexistence. In case 3,U* is suffi-
ciently high that the mean chain length is many times
persistence length at the critical temperature, so that
chains condense at low volume fraction and do not form
ordered phase until higher volume fraction.

Finally, a nematic–nematic coexistence appears in
phase diagram of systems whose properties lie in region~D!
of Fig. 5. The striking feature of this region is that the min
mum value ofU* required to achieve an N–N8 coexistence
region increases with increasing persistence length. As m
tioned in the fixed-length case, the critical temperature
the N–N8 transition scales not only withe* but also with
l p
1/3. In order to ensure that long chains~whose presence is

necessary to stabilize the nematic phase! are in fact present a
this critical point,U* / l p

1/3 and not justU* must therefore be
large; accordingly, the region D is limited on the right by
curve which increases without bound, roughly asl p

1/3. One
implication is that no finite value ofU* can lead to a phase
diagram with the N–N8 transition in the rigid-rod limit~l p

infinite!. This fits with the previous observation that th
stable nematic phase of particles self-assembling into r
rods is always atw51, which precludes the existence of tw
coexisting nematic phases in this system.

The present theory was intended to be as idealized
possible in its treatment of self-assembly. One import
simplifying assumption is that chains have no junctions
branches. The introduction of junctions between on
dimensional self-assembled structures leads to netw
forming systems with rich phase behaviors, analogous
microemulsions.44 Another assumption made is that there
a well-defined separation betweenintra-chain and inter-
chain interactions. The dipolar sphere model fluids repres
an important class of systems that exhibit a type of equi
rium polymerization in which this assumption does not ho
The electrostatic potential that favors chain formation
long-ranged and therefore also contributes to attractions
repulsions between chains. Whether the electrostatic cha

e

ith

,

FIG. 6. Phase diagrams showing I–I8 and ‘‘bent chimney’’ I–N coexistence
curves at a constant persistence length,l p560, for U* 585 ~solid curve
‘‘3’’ !, U* 540 ~dotted curve ‘‘2’’!, andU* 515 ~dashed curve ‘‘1’’!. For
the U* 540 curve, the I–I8 curve shown is metastable with respect to I–
phase separation. Curves are labeled with values ofM̄ in coexisting phases
and at critical points.
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chain interactions are strong enough to drive an I–I8 transi-
tion is an on-going subject of computational13,45–48 and
theoretical42,49–51 inquiry and controversy. Furthermore
while long-ranged electrostatic interactions are undoubte
involved in the formation of a ferroelectric nematic phase
dipolar chains observed in simulations,52 the contributions of
electrostatic and excluded-volume interactions to the sta
ity of this phase are not clear. The simple theory presen
here should prove a useful starting point for construct
theories to describe self-assembly and phase behavio
these more complicated scenarios.

IV. CONCLUSIONS

We have presented a phenomenological statistical t
modynamic theory for fluids of chains consisting of an ar
trary number of spherical monomers with an arbitrary per
tence length and magnitude of isotropic attractio
considering both fixed chain-length and equilibrium polym
systems. The simple models have allowed us to merge t
ries of isotropic phase separation, nematic ordering in se
flexible polymers, and linear self-assembly. The same tre
in the phase diagrams are generally observed for increa
the chain length~in fixed-length systems! and increasing the
ratio U* of chaining energy to isotropic attractive energy~in
equilibrium systems!. This rule does not hold for the appea
ance of the N–N8 transition, which has a critical temperatu
that increases not simply with the isotropic attractive ene
but also with increasing persistence length. The theory p
dicts four classes of phase diagram for polymers in p
solvent, in which increasing chain length~or U* , the ratio of
chaining energy to isotropic attractive energy, in the equi
rium polymer case! and persistence length lead first to t
addition of an I–N transition to the I–I8 transition, then to
the disappearance of the I–I8 transition, and finally to the
appearance of an N–N8 condensation. An interesting exce
tion to this trend occurs over a narrow range of persiste
lengths for which the I–I8 transition is first lost and then
recovered as chain length orU* is increased. This behavio
can be understood through consideration of the scaling w
chain length of the critical volume fractions of the I–I8 and
I–N transitions. Finally, we anticipate that this theory w
provide a useful basis to extend to the study of more co
plex systems such as branched equilibrium polymers and
polar model fluids.

Note added in proof:Tlusty and Safran53 have recently
presented a theory describing how phase separation in d
lar fluids may arise from the formation of a network structu
containing three-way junctions. A simple means to introdu
junctions into the present theory is via a free energy te
scaling asw2/M̄ , representing a mean-field attraction b
tween chain ends and chain interiors. This leads to ph
behavior qualitatively similar to the results of Tlusty an
Safran.
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